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ABSTRACT
Morphologies of grain growth are investigated using idealized 
three-dimensional models. The investigations are based on a body 
centred cubic (bcc) tetrakaidecahedra and allow either a single grain 
or one-half of the grains to grow. The polyhedra considered possess a 
high degree of symmetry which makes it easier to follow the path of 
the growing grain. The investigations are partly geometric and partly 
physical in nature.
In the case of structures with planar interfaces, starting from the 
unimodular structure (bcc), by allowing one-half of the grains to 
grow, complex bimodular and trimodular structures are evolved. It is 
found that the sequence of grain growth from bcc to simple cubic is 
pseudo-cyclic and an analogy with the martensitic transformation from 
Y -iron (fee) to a -iron (bcc) has been noted. Using the appropriate 
ratios of the energies of grain boundary with different orientation 
the total energy remains constant, so that all these structures are in 
stable equilibrium.
For structures with curved interfaces, using an isotropic grain 
boundary energy ratio and allowing one-half of the grains to grow, the 
total energy is found to decrease. Thus the unimodular array of 
tetrakaidecahedra is not in stable equilibrium and grain growth will 
occur.
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In the case of structures with a rogue grain, both planar and curved 
interfaces are considered. For the structures with planar interfaces 
the total energy again remains constant. For the growing grain and 
its nearest neighbours a relationship with the two-dimensional array 
of hexagons is suggested. However, in the case of structures with 
curved interfaces as the rogue grain is allowed to grow the energy 
increases. Therefore, in this case the unimodular structure, an array 
of tetrakaidecahedra, is the stable configuration.
The investigations for structures with curved interfaces involve
solving the equations of Laplace and Poisson when only a limited
amount of information is available on the locations of the boundaries. 
The procedure developed to obtain these solutions provide the first 
advance on those used by Kelvin in the late 19th century. Many of the 
results are presented graphically using computer generated isometric 
projections. Unfortunately, little experimental work that can be
compared directly with the present results has been carried out. 
However, the calculations of the thesis suggest some critical
experiments which can now be usefully undertaken.
- Ill -
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INTRODUCTION ,
The morphology and grain growth of polycrystalline materials 
have been studied micrographically for many years, both for their 
intrinsic interest and because of their technological significance. 
However, analysing polycrystalline aggregates theoretically, is 
extremely difficult due to the randomness generally exhibited by these 
structures, and hence most of the work performed in order to 
understand the grain shapes and grain growth phenomena is experimental 
or statistical in nature.
The main aim of the work presented here using highly symmetrical 
models, is to obtain a better understanding of the morphology and 
grain growth phenomena of polycrystalline materials.
1.1 EQUILIBRIUM SHAPES OF GRAIN :
The shapes of grains in polycrystalline materials are the result 
of surface tension equilibrium and space filling requirements. McLean 
(1955), suggested that the relationship between the grain boundary 
energy and the shape is such that under equilibrium conditions, the 
grain shape gives minimum interfacial energy, which is compatible with 
each grain fitting perfectly between its neighbours.
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Equilibrium between grain boundaries requires that the structure 
should obey Plateau's rules, i.e. grains should meet at an angle of
O
120, four grains should meet at a corner and the angles between the 
gra^n edges at the corners be 109° 28 * . It has been shown
experimentally that these requirements are fulfilled to a great extent 
in aluminium-tin alloys (Williams and Smith, 1952). These conditions 
are also satisfied by the soap film contained by a tetrahedral
framework. Recently, Almgren and Taylor (1976) have shown that these 
conditions follow from the mathematical analysis of minimum surfaces 
and bubble surfaces at different pressures. Such surfaces can be 
described by second order differential equations, given in section
3.3.
From Plateau's rules, it follows that the ideal geometry of a 
structure in equilibrium should have flat faces. Several authors
(SmitiT, 1948; Gladman,1966) have shown that the three-dimensional
structure which comes closest to satisfying these conditions is a 
tetrakaidecahedron (Kelvin, 1887), which has eight hexagonal and six 
square faces. This structure has been widely used as a model for 
grain growth and studies of soap films. Rhines and Craig (1974), have 
shown that this complex structure is valid for the structure of 
aluminium during grain growth.
The relationship between the grain boundary energy and the 
dihedral angle for the tetrakaidecahedral grain can be obtained by 
using the energies of the quadrilateral and hexagonal faces ( and 
Y respectively),
Yq f= 2 Yjj cos(e/2)
3 -
where 6 is the dihedral angle (Smith, 1948).
In the present work, Kelvin's tetrakaidecahedron is used as a 
basic model for studies of grain growth in polycrystalline materials, 
using different values of grain boundary energy ratios.
1.2 TOPOLOGICAL ANALYSIS :
As mentioned earlier, theoretical investigations of 
polycrystalline aggregates are extremly difficult. Therefore, 
topological features of a grain could be the key to understanding the 
problem. The characteristics of a polyhedral grain in an aggregate 
can be studied by the relationship between the number of grains, faces 
and edges. The most important being the average number of faces per 
grain and the distribution of this number in an aggregate.
Smith (1952), applied topological principles to obtain the 
relationship between grains, faces and edges, in order to assess the 
stability of grain aggregates. He proposed that the grains form a 
continous network, and applied the principles of network topology to 
study the shapes of the grains, Rhines (1965), used this concept of a 
grain boundary network and extended it to a series of geometric models 
for the evolution of microstructure during grain growth.
Morral and Ashby (1974), have investigated the movement of 
dislocations in three-dimensional cellular structures, employing an 
idealized model. The analysis is based on topological principles, and 
it has been observed that many properties of dislocations in crystals
4 -
can be applied to study the existence and movements of the cellular 
dislocations.
Rhines and Craig (1974) have applied a topological analysis to
study grain growth based upon an experimental study of successive
stages of grain growth in aluminium. By combining the experimental
and topological analyses, the authors were able to introduce a
structural gradient, a, which determines the rate of steady state 
grain growth and is also a measure of deviation from the equilibrium 
of the entire grain structure.
More recently, Rhines (1977) has presented some important 
relationships between the microstructural properties of materials.
1.3 GRAIN GROWTH AND CURVATURE :
It has been recognized that grain growth results due to 
inequilibrium at edges and corners, and a grain will be in equilibrium 
if it obey Plateau's rules (Smith, 1952).
Vogel (1923), first showed that grain boundaries tend to migrate 
in such a way as to decrease their curvature during grain growth. The 
grain boundaries generally assume a complex convoluted form with 
non-zero mean curvature. The curvature itself introduces instability 
and indeed, the curvature along with inequilibrium at edges are the 
fuels of grain growth , since it is always energetically favourable 
for a surface to move towards its centre of curvature. This 
observation was first made by Sutoki (1928).
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Marker and Parker (1945), investigated grain boundary migration 
during grain growth and established a relationship between curvature 
and grain growth. The authors proposed that grain growth will cease 
once the interfacial angles reach 120 °
Some investigation into the actual form of grain boundaries and 
the effect of boundary structure on grain morphology in sections of 
polycrystalline MgO is presented by Aboav (1971,1972).
Many authors have proposed that grain boundary curvature is the 
controlling factor for grain growth (Beck,et.al., 1948; Burke, 1949). 
Burke pointed out that the rate of boundary migration is proportional 
to the reciprocal of the boundary's radius of curvature. In a study 
of grain growth in terms of behaviour of individual grains, Hillert 
(1955), assumed that the grain boundary migration rate is proportional 
to the pressure difference caused by its curvature.
The concept of grain boundary curvature as a controlling factor 
is thought to be due to the randomness exhibited by real materials, 
where idealized structures are rare. In real materials grains have 
fewer or more sides than the idealized model and the grain faces and 
edges are curved in a way such that they produce the correct dihedral 
angles at the corners. Rhines and Craig (1974), have predicted that 
grains with more than fourteen faces will in general be concave and 
those with less than fourteen faces will be convex.
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1.4 LAYOUT OF THE THESIS ;
The work presented here is based on detailed study of the 
morphology of polycrystalline materials using idealized models./
In chapter 2, structures with planar interfaces with anisotropic 
grain boundary energies are considered. Defects are introduced in an 
otherwise uniform array of tetrakaidecahedra, and the paths taken 
during grain growth are followed. Different complexities of structure 
are obtained by allowing different proportions of grains to either 
grow or shrink.
Kelvin's tetrakaidecahedron has been used in chapter 3 to study 
the grain growth phenomenon in structures with curved interfaces. 
One-half of the grains are allowed to grow, resulting in a bimodular 
structure having isotropic grain boundary energy. Improvements to 
Kelvin's solution of Laplace's equation are suggested; for the 
bimodular structure Poisson's equation is used as an approximate form 
of the surface with non-zero mean curvature.
In chapter 4, effects of growth initiated by a single rogue 
grain changing its volume are investigated, using idealized 
three-dimensional structures having both planar and curved interfaces. 
Finally, in chapter 5, a summary of the conclusions is presented.
C H A P T E R  T W O
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STRUCTURES WITH PLANAR INTERFACES
2.1 INTRODUCTION
2.1.1. POLYHEDRA:
The simplest polyhedra are the five Platonic solids. These are 
the tetrahedron, cube, octahedron, dodecahedron and icosahedron. 
These solids have congruent regular faces, with an equal number of 
edges meeting at every corner. Of these five Platonic solids only the 
tetrahedron ,cube and octahedron shown in figure 2.1(1) to (3),(Table 
2.1), have four 3-fold axes and hence possess cubic symmetry. The 
octahedron, for example, has 4-fold, 3-fold and 2-fold rotational 
symmetry through corners, faces and edges respectively. Of these 
three polyhedra only the cube can fill all space; the other two can 
only do so when combined together.
There is another category of solids which is derived from the 
truncation of corners and edges of the Platonic solids. They are 
called semi-regular Archimedean solids (Williams, 1972; Coxeter, 
1948) and there are thirteen examples, with two or more types of 
regular faces. Only six of these thirteen solids possess cubic 
symmetry. They are the truncated tetrahedron, truncated cube, 
truncated octahedron, cuboctahedron, small rhombicuboctahedron and
8 -
large rhombicuboctahedron, as shown in figures 2.1 (4-9), (Table 2.1). 
Of these six polyhedra, only the truncated octahedron (6) can fill all 
space. The others can only do so in combination with the other 
polyhedra.
Another type of facially regular solid is called the 
Archimedean dual. Two polyhedra are duals if the vertices of one can 
be put into a one-to-one correspondence with the centres of the faces 
of the other. A typical example is the cube (2) and octahedron (3) . 
There are six regular dual polyhedra. The rhombicdodecahedron (10) , 
is one of the dual (vertically regular) polyhedra with two different 
types of vertices (eight 3-fold and six 4-fold). Another category of 
solids is the regular Archimedean prism. One of them is the
octagonal prism (11) . This polyhedron is facially regular with 
square and octagonal faces.
Until now the discussion has been based on the solids with 
regular faces. From these, different non-regular polyhedra can be 
generated, in which either all the faces are regular or some are
regular. Even in these cases, space can be completely filled with
equal numbers of two or more different types of solids. These 
polyhedra are shown in figure 2.1 (12-21), and can be termed 
non-regular Archimedean solids. The truncated tetrahedra (12a,b) are 
obtained by small and large truncations, respectively, of the
tetrahedron (1), the intermediate case being the regular truncated 
tetrahedron (4). Truncation of the corners of the cube (2) results in 
the non-regular truncated cube (13a,b) with the intermediate and 
limiting cases being the regular truncated cube (5), and the
9 -
cuboctahedron (7).
The truncated octahedron (14a,b) is the result of truncation of 
the corners of an octahedron (3), with tpe regular truncated 
octahedron (6) and the cuboctahedron (7) as the intermediate and 
limiting stages respectively. The small rhombicuboctahedron (8,15a,b) 
results from the truncation of the corners and edges of an 
octahedron (3). The great rhombicuboctahedron (9, I6e,f) results from 
the truncation of the corners of a cuboctahedron (7). The other four 
types of great rhombicuboctahedron shown in (16a-d) can be obtained by 
the truncation of the corners and edges of the cube (2) and the 
octahedron (3). Thus the truncation of the corners of the cube leads 
to the truncated cube (13a,b) and the truncation of the edges then 
results in the great rhombicuboctahedron (16a,c). The truncation of 
the corners of the octahedron (14a,b) and of the edges where two 
hexagonal faces meet results in the structure shown in (16b,d). It 
should be pointed out that the structures shown in (I6a and b) are 
non-regular, and those in (I6c-f) have just one regular face.
The rhombohexagonal dodecahedron (17) results from the 
truncation of four parallel faces of the rhombicdodecahedron (10). 
The truncation of the 4-fold nodes of the rhombicdodecahedron results 
in the octakaidecahedron (18). The octagonal prism (19a,b) can be 
obtained by truncating one-third of the edges and two parallel faces 
of the cube (2). The heptahedron (20) results from the truncation of 
the edges and corners of the tetrahedron (1), and the base truncation 
of the heptahedron yields the irregular tetrahedron (21) with three 
isoceles and one equilateral triangles.
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The names and the facial characteristics of the 21 types of 
polyhedra illustrated in figure 2.1 are summarized in Table 2.1.
2.1.2. PACKING OF POLYHEDRA;
In this section the ways in which the polyhedra introduced in
section 2.1.1. can be stacked together to fill all space will be
examined. In particular the unimodular structures in which all cells 
are identical will first be considered. If one-half of the cells are 
allowed to grow at the expense of the other half, bimodular packing
results which is discussed in section 2.2. Continued growth leads to
the dissociation of the grain corners and can result in a third type
of cell and hence trimodular structures are generated. It is shown
that certain cyclic sequences of polyhedra shapes arise and it is
therefore only necessary to consider the original simple cubic cell,
on which the analysis is based, growing to eight times its initial 
volume.
For a three dimensional structure, with isotropic grain boundary 
energy, to be in equilibrium, three grain edges should meet at an 
angle of 120°at each grain edge and four edges should meet at an angle 
of 109°28*, at each grain corner. No regular polyhedral structure can 
meet these requirements exactly, the best approximation being the 
tetrakaidecahedron, (figure 2.1(6)) (Thomson,1887) with six square and 
eight hexagonal faces. It has also been pointed out that exact 
equilibrium can be achieved if the hexagonal faces of the 
tetrakaidecahedron become convoluted with zero mean curvature 
(Thomson,1887; Smith,1952). This will be discussed in chapter 3.
- 1 1  -
2.1.3. DISSOCIATION OF UNSTABLE NODES;
In three dimensional/structures, as in two dimensional arrays of 
hexagons (Crocker,et al.,1980), unstable nodes can result from the 
annihilation of grain edges and hence faces and these can dissociate 
to lower energy configurations. Many distinct mechanisms arise and a 
few of these are illustrated in figure 2.2. For example, if a single 
edge (2.2(a)) vanishes , an unstable 6-fold node (b) arises which can 
dissociate to form an edge in a different direction (c). 
Alternatively it may give rise to a new trianular face (d) with 4-fold 
nodes at its three corners. Another possibility is that the 6-fold 
node generates a new hexagonal face surrounded by six 3-fold nodes 
(e), which themselves dissociate to produce six 4-fold and six 3-fold 
nodes (f). Each unstable 3-fold node may then interact with an 
equivalent 3-fold node associated with a neighbouring grain (g) to 
generate a single 4-fold node which, subject to further topological 
constraints, may dissociate to generate a quadrilateral face (h). If 
such a face shrinks to a point an 8-fold node arises (i), which may 
dissociate into two linked unstable 5-fold nodes (j), or a 
quadrilateral face in a different orientation (k), or two alternative 
structures (l,m) involving stable 4-fold nodes. An interesting case 
is the disappearance of a six-sided face (n) which gives a 12-fold 
node (o), which can dissociate symmetrically into an arrangement of
4-fold nodes (p). The mechanisms which result in the same arrangement 
of nodes but in different orientation e.g. (a)-(c) and (h)-(k) 
correspond to the neighbour switching process described by Morral and 
Ashby (1974).
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The present chapter is based on flat-faced polyhedra, with 
anisotropic grain boundary energy, so that the forces at the corners 
and along the edges are balanced. By the introduction of defects, 
changes in the structure are observed. Most of the pblyhedra thus 
obtained possess cubic symmetry, (1) to (10) and (12) to (16) and 
(18).
The total energy of the system will be a function of the area of 
the faces associated with the unit cell and the corresponding energies 
per unit area. Other contributions to the energy are assumed to be 
constant or negligible.
2.2. UNIMODULAR STRUCTURES;
Three of the 21 polyhedra described in section 2.1.1 can be
packed together in unimodular arrays to fill all space. These are the
cube (2), the truncated octahedron (6) and the rhombicdodecahedron 
(10). The arrays generated for these three cases are then simple 
cubic, body-centred cubic and face-centred cubic respectively, the 
juxtapositions of cells being shown in figure 2.3(a)-(c).
It is convenient to introduce a notation for these unimodular 
structures. This is based on the number of cells contained in a cube
eight times as big in volume as the simple cube of figure 2.3(a).
This simple cubic structure is then labelled as 8A. The packing of 
tetrakaidecahedra shown in figure (2.3(b)) is denoted by 16A, since in 
one small cube there are two of these. Similarly the packing of 
rhombicdodecahedra is labelled as 32A.
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The stacking of cubes (8A-type structure) as shown in figure 
2.3(a) generates unstable 6-fold nodes which will tend to dissociate 
as explained in section 2,1.3. The fee array of rhombicdodecahedra 
(32A-type) has unstable 8-fold nodes along the <100> axeq, as shown in 
figure 2.3(c), and again they will dissociate. However, the nodes 
along the <111> axes are 4-fold and involve edges making ideal angles 
of 109° 28’ with each other. Finally, the bcc stacking of truncated 
octahedra involves only 4-fold nodes, the angles at each corner being 
4x120°and 2x90° as shown in figure 2.3(b). This structure is denoted
by 16A.
2.3. BIMODULAR STRUCTURES:
Before describing the bimodular structures the generalized form 
of the notation introduced in the previous section will be described. 
When there are two types of cells in the large unit cubic cell, these 
are labelled as A and B. If there are m cells of each type its 
notation is described as mAB. If however there are n times as many 
B-cells as A-cells, the notation mAB^ is adopted.
Consider the unimodular packing of truncated octahedra as shown 
in figure 2.4(a). Allow one-half of the cells (those at the cell 
centres; A-type) to grow and one-half (those at cube corners; 
B-type) to shrink. This gives the large and small square faces of the 
8AB (CsCl) type bimodular structure, shown in figure 2.4(b). This 
structure is made up of equal numbers of the polyhedra shown in (14a 
and b). Another way of describing the same phenomenon of grain growth 
is by saying that the hexagonal faces parallel to {111} planes of
- 14 -
one-half of the truncated octahedra in figure 2.4(a) move outwards 
(Table 2.1 and 2.2).
If t^ he large square faces of the 8AB-type bimodular structure 
continue to grow, or in other words the hexagonal faces continue to 
move outwards, there results another 8AB-type structure with 
cuboctahedra (7) and octahedra (3) as shown in figure 2.4(c). This 
strucutre has an unstable 8-fold node at each corner, dissociation of 
which can result in three different types of structure as shown in 
figure 2.5, one of which is described in this section.
Each node of the 8AB-type structure of figure 2.5(a),(reproduced 
from 2.4(c)), can dissociate to produce a new edge, perpendicular to 
the face which has vanished (figure 2.2(i,j,k)), resulting in another 
8AB-type structure shown in 2.5(b). The cuboctahedron of figure 
2.5(a) becomes a truncated cube (13b) and the octahedron gets smaller. 
If the length of the newly formed edge is allowed to equal the length 
of the cubic cell, a unimodular 8A-type packing of cubes results, as 
shown in figure 2.5(e).
There are two ways in which the simple cubic structure of figure 
2.5(e) can generate a bimodular structure, by allowing either one-half 
or one-third of the grains to grow. These sequences are shown in 
figures 2.6 and 2.7 respectively.
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First, the square faces of one-half of the grains of 2.6(a) move 
outwards to generate the 4AB-type structure of equal numbers of 
octakaidecahedron (8) and small cubes shown in 2.6(b). If the square 
faces of the octakaidecahedron continue to move outwards, so that the 
small cubes continue to shrink until they vanish, there results a 
unimodular 4A-type packing of rhombicdodecahedra (10), as shown in 
figure 2.6(c). As mentioned in the previous section this structure 
has two different types of nodes.
An interesting situation arises when the unstable 8-fold nodes 
of the unimodular structure of figure 2.6(c) are allowed to
dissociate. The rhombic faces of one-third of the rhombicdodecahedra 
move outwards, resulting in octakaidecahedra (8), which are equivalent 
to, but larger than, those of figure 2.6(b). The remaining
rhombicdodecahedra (10) become uniaxial rhombohexagonal dodecahedra 
(17). This resulting ABg-type structure is shown in figure 2.6(d). 
If the square faces of the octakaidecahedra continue to grow, thereby 
shrinking the rhombohexagonal dodecahedra, a simple cubic unimodular 
structure survives as shown in figure 2.6(e). The cubes of this 
A-type cell have eight times the volume of the cube of figure 2.6(a).
The second possible way in which the dissociation of the
unstable nodes of the simple cubic structure of figure 2.5(e) may 
occur, is shown in figure 2.7. Only one-third of the grains are 
allowed to grow, such that the unstable 6-fold node of the cube at 
each corner dissociates into six 4-fold nodes to form a hexagonal face 
(figure 2.2), and three rectangular faces due to the truncation of 
cell edges. The resulting 2ABg -type structure has great
- 16 -
rhombicuboctahedra (16c) and octagonal prisms (19a), as shown in 
figure 2.7(b). The hexagonal faces of the great rhombicuboctahedra 
are allowed to grow (i.e. move outwards) until the rectangular face 
vanishes, resulting in another unimodular packing of large truncated 
octahedra, as shown in figure 2.7(e). During the intermediate stages, 
figure 2.7(c,d), the octagonal prism shrinks and finally vanishes. 
This 2A-type bcc structure of figure 2.7(e), with large truncated 
octahedra is equivalent to, but eight times as big as, the structure 
of figure 2.4(a).
2.4. TRIMODULAR STRUCTURES:
As in the case of unimodular and bimodular structures, the cells 
in the trimodular structure are denoted by A,B and C. If there are m 
cells of each type, the notation mABC is adopted. If,however, there 
are n times as many B-cells or p times as many C-cells than A-cells 
the notation mAB^Cp is used.
In the previous section it was pointed out that the 8AB-type 
bimodular structure of figure 2.5(a), can dissociate in three 
different ways, one of which is described above. The two other 
dissociation mechanisms result in the trimodular structures of figure 
2.5(h) and (n).
Consider the dissociation of the unstable 8-fold node of the 
structure shown in figure 2.5(a) into two 5-fold nodes in the way 
suggested by figure 2.2(i,j). The resulting trimodular structure 
(figure 2.5(n)) has truncated octahedra (14b), cuboctahedra (7) and
— 17 —
truncated tetrahedra (12b). This ^ABÿ-type structure is obtained by 
producing an edge parallel to the face which has vanished at that 
point. Half of the A-type cells (i.e.cuboctahedra in figure 2.5(a)) 
become truncated octahedera, the other half remains cuboctahedra but 
smaller in size and they are now the C-type cell in the structure. 
The B-type cells (octahedra) become truncated tetrahedra. If the 
square faces of the truncated octahedra in figure 2.5(n) continue to 
move outwards, the cuboctahedra shrink and eventually vanish, 
resulting in a ^AB2-type structure, with twice as many tetrahedra as 
octahedra, as in figure 2.5(g). The whole sequence is shown in figure 
2.5(a),(n)-(q).
The structure of figure 2.5(g) has highly unstable 12-fold nodes 
at each corner. One possible dissociation mechanism is shown in 
figure 2.8, where the triangular faces of one-third of the octahedra 
are allowed to move outwards. The resulting ABgCg-type structure 
consists of large truncated octahedra (6), small octahedra (3) and 
heptahedra (20), as shown in figure 2.8(b).
Further dissociation of the nodes of this structure results in 
the simple cubic A-type structure of figure 2.8(e) as the limiting 
case. During the intermediate stages the hexagonal faces of the 
truncated octahedra move outwards to give the bimodal ABg-type 
structure of figure 2.8(c), with cuboctahedra (7). and irregular 
tetrahedra (21). Allowing the unstable 8-fold nodes of figure 2.8(c) 
to dissociate results in a truncated cube and irregular tetrahedra 
shown in figure 2.8(d), and if the triangular faces of the truncated 
cube continue to move outwards, the simple cubic structure of figure
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2.8(e) is obtained.
The other possible dissociation mechanism which the 8AB-type 
structure of figure 2.5(a) can follow results in the 4A^C-type/ 
trimodular structure of figure 2.5(h). This involves each 8-fold node 
becoming four 4-fold nodes or equivalently each pair of unstable
5-fold nodes of figure 2.5(n), becoming four stable 4-fold nodes.
The structure of figure 2.5(h), contains one-half of the A-cells 
of figure 2.5(a) which become C-type (truncated cubes) and the other 
half are the great rhombicuboctahedra (I6e); the B-type cells are 
truncated tetrahedra (13b). If the square faces of the great 
rhombicuboctahedra in figure 2.5(h), are allowed to grow, the 
resulting limiting case is another 4AB2C-type structure with equal 
numbers of small rhombicuboctahedra (8) and cubes (2), and twice as 
many tetrahedra (1), as shown in figure 2.5(k). The sequence is shown 
in figures 2.5(a),(h)-(k).
Another possible mechanism, which the structure of figure 2.5(h) 
can follow is by allowing, instead of the square faces, the octagonal 
faces of the great rhombicuboctahedron to move outwards, as shown in 
figure 2.5(1). This configuration can also be achieved if the 
unstable 5-fold nodes of the 4AB£C-type structure of figure 2.5(o) 
dissociate into stable 4-fold nodes. However, if the octagonal faces 
of the great rhombicuboctahedron continue to move outwards the 
resulting limiting case with the small rhomibcuboctahedron (15a), 
small cubes and the tetrahedra (1) of figure 2.5(m) can be obtained.
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The 4AB C-type structure of 2,5(m), can also be reached by 
allowing the square faces of small the rhombicuboctahedron (8) of 
figure 2.5(k) to move outwards. If the square faces of figure 2.5(m) 
shrink to a point, lÿhe 4AB£-type structure of 2.5(q) results, 
dissociation of which has been discussed earlier.
Another possible limiting case can be reached from the structure 
of figure 2.5(k), if the triangular faces of the small 
rhombicuboctahedra shrink to a point. The resulting AB-type structure 
of figure 2.5(r) has equal numbers of octakaidecahedra and cubes, and 
has been discussed in the previous section.
The 4AE^C-type trimodular structure of figure 2.5(f) can be 
obtained by dissociating the unstable 5-fold nodes of the 8AB-type 
structure of figure 2.5(b) or (c). A rectangular face is generated, 
because pairs of unstable 5-fold nodes dissociate into four 4-fold 
nodes. The structure of figure 2.5(f) can follow either the sequence 
from figure 2.5(j), or result in the limiting case of figure 2.5(g), 
with small rhombicuboctahedra (15b), cubes and tetrahedra.
2.5 DISCUSSION:
The grain growth mechanisms in the three dimensional flat faced 
polyhedra presented in this chapter are based on idealized structures 
which are somewhat distant from real polycrystalline materials. 
However, by introducing defects into regular structures various paths 
for homogenous growth can be investigated, which involve complex 
growth mechanisms.
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The most important observations are made by calculating the 
total energies of the structures. Consider the structures shown in 
figures 2.4(a) to (c). It must be noted that the angles between the 
faces of the adjacent cells remain constant. This statement is true, 
whether the mechanism described is the growth of faces, the 
dissociation of corners or the annihilation of edges. Similarly, by 
considering the grains as shown in figure 2.1(6 and 7), it can be 
shown that the angles between the {100}-{111} and between {111} faces 
of the structure remains unchanged. This is true also for the 
structure shown in (15) and (16), where the angles between the 
{100}-{110}, {100}-{111} and {110}-{111} plane faces of the structure 
remain the same. This means that the forces at the corners and the 
edges are balanced.
Using the equilibrium conditions at the grain edges where 
different types of faces meet, the relationship between the energies 
per unit area, represented by *^H0 andy^^^are given by
Y = ^ 3 Y ; y = '/2 y
111 2 100 110 100
Since the calculations are based on the unit cell, the energy per unit 
volume remains constant.
The dissociation of the simple cubic structure shown in figure 
2.5(e) leads to the fee structure of figure 2.6(c). It is found that 
the energy per unit cell remains constant during the dissociation 
sequence shown in figure 2.6(a) to (c). Further dissociation of the 
unimodular packing of the rhombicdodecahedra of figure 2.6(c) results
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in the structures shown in figure 2.6(d) and (e). The energy per unit 
cell decreases in this case. However, if it is assumed that square 
faces are doubled such that the energies per unit area for the 
structures of figure 2.6(b) to (d) are given as
Y =2 (/2 ) Y 
110 100
then the energy per unit cell will remain constant.
Another possible dissociation sequence of the simple cubic 
structure shown in figure 2.5(e) is shown in figure 2.7. During the 
process when the hexagonal faces of the great rhombicuboctahedron 
grow, the octagonal prism will flatten until it disappears, between 
the large truncated octahedra as shown in figure 2.7(e). There are, 
again, two different ways in which the energy per unit cell can be 
calculated. Either by considering a double surface, so that the 
energy per unit area of the octagonal face will be represented as
Y  =  1_ Y
100 / 3  111
or by considering
= 2 Y
1 0 0 / 3  111
In the former case the energy per unit cell remains constant, 
while in the later case the energy decreases.
- 22 -
The dissociation of the bimodular structure of figure 2.5(g), 
leads to the sequence shown in figure 2.8. The energy per unit cell 
in these cases decreases slowly at first (figure 2.8(a)-(c)) and then 
sharply for the structures shown in figure 2^ .8(c) to (e).
The plot of energy per unit cell against the volume of the 
growing grain is shown in figure 2.9, on a log-scale. As calculated 
earlier, the energy per unit cell remains constant from l6A-type bcc 
structure (figure 2.4(a)) to the 8A-type simple cubic structure. 
If this dissociates to the 2A-type bcc structure then by the use of 
the argument of double surfaces as presented above the energy remains 
constant, otherwise it will decrease by one-half.
If the dissociation of the simple cubic structure of figure 
2.5(e) follows the sequence of figure 2.7, then the energy per unit 
cell for the 4AB-type and 4A-type fee structure , will be the same as 
that for the 8A-type simple cubic structure. In the case of the 
dissociation of unstable 12-fold nodes of the fee structure (figure 
2.6(c)), the energy per unit cell decreases and at the limiting stage, 
(figure 2.6(e)) it is one-half of the energy per unit cell of the 
4A-type fee structure. This is true if correct relative values of the 
energy per unit area are used.
The most interesting information from figure 2.9(a) is that the 
dissociation sequence is repetitive. For example, the 2A-type bcc 
structure can again grow and dissociate to the A-type simple cubic 
structure, with no change in the energy per unit cell, and the A-type 
simple cubic structure can follow the same pattern as the one followed
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by the 8A-type simple cubic structure, but its energy will decrease by 
one-half every time the sequence is followed.
Figure 2.9(b) shows the energy per unit cell for the sequence 
shown in figure 2.5(n) to (q), and for the sequence shown in figure 
2.8.
Figure 2.10 shows schematically all the possible dissociation 
sequences, as discussed earlier. It also shows the repeatability of 
the sequences (1),(2) and (3).
From the volume versus energy per unit cell plot of figure 2.9, 
it could be inferred that the most preferable dissociation sequence, 
energetically, could be the one from bcc to sc to bcc.
It must be pointed out that a regular uniform structure like the 
one in figure 2.4(a), is normally expected to have the lowest energy, 
which is not so in the present work. This is due to the particular 
ratio of the energy per unit area and the fact that an idealized model 
has been considered.
In real polycrystalline materials the grain faces will have a 
convoluted form to balance the surface tension requiremnets at the 
corners and the edges. The curved faces will move towards the centre 
of curvature, and grain growth will occur due to the instability, i.e. 
grain growth will be dependent on the net mean curvature. Such 
structures are discussed in the next chapter.
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Various authors (Von Neumann,1952; Mullins,1956; Smith,1952) 
have shown that the growth rate, in a two dimensional array of 
hexagons, is proportional to (n-6), where n is the number of sides, so 
that by the introduction of defects, six-sided grains change their 
size by either losing or gaining an edge. Also, all five-sided grains 
shrink at an equal and opposite rate to all seven sided grains. This 
process is described as neighbour switching in two dimensions 
(Hillert,1965), and has also been widely discussed (Crocker,et 
al.,1980). No such analogy for the growth rate exists in three 
dimensions, although it has been suggested (Morral and Ashby,1974) 
that the three dimensional analogy to Hillert*s five-seven pair defect 
in a two dimensional array of hexagons, is a row of thirteen and 
fifteen faced grains in an otherwise regular array of truncated 
octahdera. The nature of the defects introduced in the regular array 
of truncated octahedra (figure 2.4(a)), suggests that an analytical 
method to study the properties of cellular structures based on the 
theories of defects in crystals should be developed. This idea is 
further enhanced if the dissociation of the unstable nodes of 
rhombicdodecahedra, a fee structure, is followed in figure 2.9(a). If 
the resulting A-type simple cubic structure, from the dissociation 
sequence of figure 2.6(c)-(e), follows the same path of dissociation 
as the 8A-type simple cubic structure, the resulting structure will be 
a unimodular, 2A-type, bcc structure with truncated octahedra.
It is interesting that a related change from a fee to a bcc 
packing of polyhedra arises in the martensitic transformation of 
y -iron to a-iron. This concept can be visulaized by the use of the 
Bain correspondence between the two lattices (Christian,1965; Kelly
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and Groves,1970). If the rhombicdodecahedra, which lie on an fee 
lattice are considered to lie on a tetragonal body centred lattice of 
axial ratio vè as shown in figure 2.11, then by contraction in the 
[001] direction and by uniform expansion in the (001) plane, a bcc 
packing of truncated octahedra can be obtained. The shapes of the 
polyhedra during the transformation are shown in figure 2.12(a-c).
C H A P T E R  T H R E E
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STRUCTURES WITH CURVED INTERFACES
3.1 INTRODUCTION
In cells of soap froth the force which determines the shape of 
the cells arises from surface tension. The analogy of cells in soap 
froth has been used widely to study the shapes of grains. Surface 
tension is due to molecular forces. The action of these is based on 
the fact that the molecules of the surface layers are being constantly 
attracted towards the interior. Because of this, the surface tends to 
shrink until it achieves minimum area.
Ernest Lamarale (1864) is thought to be the first to have 
discovered the idea of minimal area for fluid films. The six Lamarale 
laws of minimal area are:
i) In a liquid system of thin films in stable equilibrium, the 
sum of the areas of the films is a minimum.
ii) The area of each film is a minimum under its own limiting 
conditions.
iii) The mean curvature of any film is constant throughout its
whole area, zero when pressures are equal on either side, and
proportional to their difference in other cases.
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iv) The films meeting at any edge are three in number.
v) The number of edges meeting at any one corner is four.
vi) The three films meeting at an edge do so at equal angles.
/
The last three laws are more explicitly defined by Felix Plateau 
(1873). These are called Plateau's rules and are as follows:
a) Only three films can meet at an edge, each film meeting thè 
other two at an angle of 120
b) Only four edges can meet at a point, each edge meeting the 
other three at equal angles of 109°28* , called the Miraldi angle. 
(Ollernshaw, 1980).
It can be said that structures obeying Plateau's rules will have 
minimum area. Structures disobeying these rules, howsoever 
symmetrical they may be, exist only instantaneously, because they 
represent high energy configurations.
Sir William Thomson (Lord Kelvin, 1887) suggested 
tetrakaidecahedral structures (defined as truncated octahedra, figure 
2.1(6), in the previous chapter), with certain modifications, which 
not only obey Plateau's rules but also fulfil the requirement of space 
filling. The modifications involve curving the edges so that their 
junctions are all at the correct angles (i.e. the Miraldi angle), and 
hence introducing double curvature into the hexagonal faces, so that 
the mean curvature remains zero.
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In actual practice such structures are seldom observed. In 
crystallites, the grain boundaries deform to satisfy Plateau’s rules 
and assume complex forms with non-zero mean curvature. Consequently, 
these grain boundaries will move towards the centre of curvarture as 
atoms migrate across them. Therefore, whether a grain shrinks or 
grows depends on the net mean curvature.
In two-dimensional structures, as mentioned in Chapter 2, growth 
or shrinkage of grains is governed by the (n-6) law (Smith, 1956), 
where n is the number of cell edges. No such analogy exists for 
three-dimensional structures. However, it was pointed out (Rhines and 
Craig, 1974), that grains with a small number of faces tend to be 
convex overall, while grains with a large number of faces tend to be 
concave upon most of their faces. This is due to the fact that grains 
with less than fourteen faces must have a preponderance of convex 
faces in order to maintain equilibrium angles along their edges and at
the corners. Grains with more than fourteen faces must have concave
faces for similar reasons. Whether or not this indicates that the 
three-dimensional analogy of (n-6) is (n-14) is not obvious.
The work presented in this chapter is based on a detailed study 
of Kelvin’s solution of the equilibrium shape of the regular
tetrakaidecahedron. It also includes an extension of his work to 
bimodular structures, where one-half of the grains are allowed to grow 
at the expense of their neighbours. Also, the analysis is based on 
the assumption that all grain boundaries are equal in energy.
However, possible effects of relaxation of this idealized model are 
discussed in section 3.4.
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3.2 UNIMODULAR STRUCTURES:
The structures which possess cubic symmetry and when stacked 
together fill all space are cubes, rhombicdodecahedra and 
tetrakaidecahedra. Such structures represent unimodular packing 
arrangements. As mentioned in Chapter 2, of these three polyhedra, 
only an array of tetrakaidecahedra obeys approximately Plateau’s 
rules. In particular the other two possess highly unstable nodes and 
do not obey Plateau’s rules.
Kelvin (1887), showed that by the introduction of a particular 
double curvature on the hexagonal faces, all angles become Miraldi’s 
angle , and the structure fulfils the surface tension requirements. 
In Kelvin’s solution, the square faces being planes of symmetry remain 
flat, and the hexagonal faces assume a convoluted form with zero mean 
curvature. The solution contains a number of approximations and in 
the present work some improvements are introduced in order to obtain a 
better solution.
3.2.1 EQUATION OF THE HEXAGONAL SURFACE:
In his calculations, Kelvin considered a single hexagonal face, 
at the centre of which lies the origin of a coordinate system (x,y,z). 
Taking OC for the axis of x in figure 3.1, the analytical expression 
for equilibrium of the surface under zero pressure is ,
  —  -------- — --    = 0 .... 3.1
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where z, which is a function of x,y, is the normal displacement. The 
vectors normal to the adjacent square and the hexagonal faces are 
and respectively, such that
n „ . n = cos 6   3.2
—  n  —  S
where e is the angle between these faces.
For an approximate solution, it will be useful to substitute
shapes with simple geometry. In terms of the (x,y,z) system the
components of n g are seen from figure 3.2 to be [sin a, 0 , cos a] where 
-1 ,
a is tan /Z. Thus at point G
2 h  • Bs = 1/2
or
[-i -f >] • [-A » à]
.. 3.3
Kelvin assumed that since the displacements in the z-direction 
are small , the terms (3z/ 3x)^, (3z/3y)^ and (9^z/3x3y) in equations 3.1 
and 3.3 can be neglected. Hence equation 3.1 becomes Laplace’s 
equation.
° , .... 3.4(a)
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which in cylinderical polar coordinates becomes
and equation 3.3 becomes
1^ = -0.09473   3.5(a)
This holds at point G which has coordinates 0,y^] where
X = (a-(z / 2 )) ....3.5(b)
G G
and a=OC in figure 3.1.
The required series solution for equation 3.4 in cylindrical 
polar coordinates is
z = E (A^cos(m (|) )+B sin(m <j) )) r ™
However, B^=0 because of mirror symmetry about 4>=0 so that
m
z = Z (A^ r cos(m(f>)) .....(3.6)
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where m=3(2n+1), n=0,1,2.... , due to the 3-fold symmetry of the
surface about the z-axis.
3.2.2. NUMERICAL AND COMPUTATIONAL METHODS;
The boundary conditions are satisfied at four points using 
equation 3.3, and the values of the coefficients in equation 3.6 are 
calculated by solving simultaneous equations of the form Ax=b, using 
Crout's method with partial pivoting to decompose A into triangular 
form A=LU, where L is the lower triangle and U is the unit upper 
triangle, x is found by using forward and backward substitution in 
Ly=b and Ux=y.
To obtain the angle between the faces, coordinates all along the 
edge where the hexagonal and square faces meet are obtained by using 
equations 3.5(b) and 3.6, such that f(r)=0. A general second-order 
process for the solution of this equation, at a point not in the 
neighbourhood of a maximum or minimum of f(r), is given by
r = r - f(r )/f'(r ) 
n+1 n n n
This is known as the Newton-Raphson iterative process.
The areas of the hexagonal faces are calculated by evaluating 
the double integral by the method of the optimum addition of points to 
Gauss quadrature formulae,(Patterson, 1968),
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A = // (1 + (~) + (-|^ ) ) ^2 dx dy
I
3.2.3. METHOD OF CALCULATION AND RESULTS
Kelvin used an approximation to the infinite series (3.6) by 
truncating it after only two terms, i.e. n=0 and 1, so that it can be 
rewritten
z = A3 r^ cos(3# ) + Ag r^ cos(9<J> ) ...(3.7)
The values of the arbitrary constants in equation 3.7 are 
determined so as to satisfy equation 3.3 at points G and A (figure 
3.1) of the curved edge. However, Kelvin has assumed that OG=OC.
The results obtained by Kelvin and the effects of the 
approximations used, are discussed below. At this stage it should be 
pointed out that Kelvin made no attempt to calculate the total energy 
of the structure.
The approximations used by Kelvin are as follows:
1) V^=0, because of the small displacements in the z-direction 
in equation 3.1.
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2) Only two terms in the series solution (equation 3.6)
3) The same value of (3z/3x) (equation 3.5(a)) is used at the 
points G and A (figure 3.1)
4) Equation 3.3 is satisfied at point C rather than point G.
The results of Kelvin’s solution reveal the inaccuracies due to 
these approximations. Even at points G and A (figure 3.1), equation
3.3 is not exactly satisfied. However, in the present work, it is 
found that by using more terms in the series solution of equation 3.6 
and an iterative procedure, equation 3.3 could be satisfied accurately 
all along the edge. The iterative procedure allows one to obtain 
accurate values of (3z/3x) and (3z/3y) (equation 3.3), so that 
inaccuracies resulting from the approximation of neglecting the 
denominator in equations 3.1 and 3.3 could be eliminated.
As a first step, only a single term is used in the series 
solution by satisfying equation 3.3 at point A (figure 3.1). This 
solution enables one to obtain an approximate value of OG, which is 
then used in the two term solution. As a second step, an exact value 
of X or r is calculated at point G, using equation 3.7, satisfying the 
boundary conditions at points G and A. By replacing these values in 
equation 3.7, the angle between the hexagonal and square faces is 
calculated all along the edge, using equation 3.2. In a similar way 
even better results are obtained by using three terms in the series 
solution.
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Comparing Kelvin’s solution and the solution of the present
work, it can be said that by using an iterative procedure and more
terms in the series solution, far better results are obtained. Table
3.1 shows the variation of the angle between the hexagonal and square 
surface (X ) for a 30°sector. Figure 3.3 shows the plot between (f) 
and X , where #=0°corresponds to point G and <})=30°corresponds to 
point A in figure 3.1. It can be seen that the maximum error is about
0.31° for the two term series solution as compared to about 1.5° for
Kelvin’s solution. In the case of three term solution the maximum 
error is about 0.20°.
3.3 BIMODULAR STRUCTURES ;
The general method of solution used both by Kelvin and in the 
present work which is discussed in section 3.2 is clearly satisfactory 
for the unimodular structure. In this case there is no pressure 
difference i.e. the net mean curvature will be zero. Also the 
hexagonal faces have zero displacement along the diametral lines 
between opposite corners.
However, by relaxing the unimodular array of tetrakaidecahedra 
in such a way as to allow one-half of the grains to grow,a bimodular 
structure results. Making an analogy with the two-dimensional array 
of hexagons (Crocker,et.al, 1980), where zero energy variation was 
accompanied by the constant (zero) curvature, it will be assumed that 
in three-dimensional structures, the mean curvature of the hexagonal 
faces should depart from zero if there is to be any variation in the 
energy.
—  J U  —
As the structure departs from uniformity, grain boundaries will 
readjust to satisfy Plateau’s rules..‘ It is expected that the 
hexagonal face will assume a non-zero curvature, resulting in a 
pressure difference across the interface. Since a surface of zero 
mean curvature is a minimal surface, by the introduction of non-zero 
curvature an increase in total surface area is expected. It has been 
remarked (Rinous, 1981) that since the structure does not remain 
uniform , the method of solution presented by Kelvin might not be a 
valid one,
3.3.1. EQUATION OF THE HEXAGONAL SURFACE ;
The net mean curvature is defined as
H = 2  (1 + 1) ...(3.8)
2 «1 «2
where R^ and R^ are the principal maximum and minimum radii of 
curvature at a point on the surface. In the case of a curved 
membrane, an element is in equilibrium , only if an excess pressure 
acts on the concave side to counterbalance the surface tension 
effects. The general result is usually expressed as
P = o (1 + 1) ... (3.9)
Rl R2
this is the Laplace-Young equation, where p is the pressure difference 
and a is the surface or interfacial tension. Equation 3.8 can be
re-expressed in the cartesian differential form (Lowry and Hayden, 
1967) as
____1_________________________   .... 3.10
2(l+(|f)2+(|^ )2)'/2
- Jf -
The Laplace - Young equation thus becomes
- 2 | ^  ÿ  0 # ( i x b 2 )
2   ----------    3.11
This is a non-linear, second order differential equation. The 
different characteristics are that the radius of curvature is positive 
(convex) if H>0 and is negative (concave) if H<0, with the positive 
direction of pressure difference taken to be the positive normal to 
the surface. #
As the structure departs from uniformity, it is assumed that the 
curvature of the surface also departs from zero, the rig^t hand side 
of the analytical expression of the surface (equation 3.1) must be
replaced by a curvature term K. Therefore, equation 3.4 can be
rewritten as
V^z = K _____3.12
This now is Poisson’s equation. The solution of this equation is a 
linear combination of the solution of Laplace’s equation 3.4, and a
particular integral of Poisson’s equation. A convenient particular 
integral is the paraboloid
2
z = K r
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which approximates to a sphere for small z. The new form of solution 
3.6 is thus
z = Z A r^ cos(n(j) ) + K r^ ...3.13 
n 4
Again, B=0 due to the symmetry requirements, and since the surface 
possesses 3-fold symmetry, n=3m (m=0,1,2...). Letting r=0, the Aq 
term is seen to represent the displacement in the z-direction at the 
centre of the hexagonal face, K the pressure term, and Ag are zero for 
the degenerate case of the uniform structure.
Boundary conditions imposed by the model are such that when the 
grains grow, the corners where the square and the hexagonal faces meet 
remain on the cubic cell, i.e. the corners are constrained to lie on 
the cube surface.
The boundary conditions are chosen such that at points A and B 
(figure 3.5) , equation 3.3 is satisfied, and at points C and D
["If "If • [~À ~h ~à ] ^ 1   3.14
is satisfied. Hence five constraints in 3.13 can be obtained to give
z = Aq cos(3 )+A^r^cos(6 ^  )+A^r^cos(9 4> )+K r^ .... 3.15
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3.3.2. CALCULATIONS AND RESULTS ;
Calculations are carried out using a method similar to the one 
described in section 3.2.2. The values of the arbitrary constants in 
3.14 for different values of X are given in Table 3.2. Here X, a 
measure of growth, is the distance from the centre of the square face 
of the tetrakaidecahedron to the corner where two hexagons and one 
square meet. For the uniform structure X=1/4 and for the limiting 
case where unstable nodes are generated and the structure becomes a 
cuboctahedron (figure 3.6(b)), X=1/2. In general the coordinates of
the corner are given by
If the grains are allowed to grow such that there results a 
bimodal packing of cuboctahedra and octahedra, equations 3.3 and 3.14 
are not satisfied, and also the boundary conditions are not valid. At 
that stage, more than four edges meet at a corner and the structure 
does not obey Plateau’s rules. By calculating the angle between the 
faces beyond X=2/5, it is found that the boundary conditions are 
satisfied at the corners but along the edges the error involved is 
about 15°, and therefore results for X>2/5 are not presented here.
The forms of the hexagonal surfaces are shown in figure 3.7 as
contour plots and isometric projections. The contours give the height 
-4
in units of 10 a, where ’a ’ is the edge of the bcc unit cell. The 
contour plots clearly show zero displacements at the corners, a 
constraint imposed by the model. From figure 3.7(i), it can be seen
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that for the unimodular structure, the hexagonal faces have zero 
displacement along the diametral lines between opposite corners. 
These diametral lines divide the hexagon into six equilateral 
triangles, three with positive z-displacemçnt (UP) and the other three 
in the negative z-direction (DOWN). These alternate and result in the 
convoluted form of the surface.
Comparing 3.7(i) with (ii-x), it can be seen that as the 
structure is allowed to depart from uniformity, the diametral lines 
vanish due to the pressure difference across the hexagonal interface. 
The most interesting feature is the occurence of a triangular contour 
at the centre in figure 3.7(v). This represents the excess pressure 
at the centre of the hexagonal face and by following the growth 
process it can be seen that it approximately takes up the shape of a 
spherical cap at X=2/5 (figure 3.7(x)), with surrounding rings of 
triangular contour lines. It is expected that if the structure is
allowed to grow such that a bimodular packing of cuboctahedra and
octahedra results as a limiting stage, the triangular faces of the 
cuboctahedron will have positive displacement in the z-direction with 
a large spherical cap at the centre.
Another important feature of these plots is the flattening of 
the surface near the growing edge (UP section in(i)), with respect to
the centre of the face. This is clearly illustrated in the plots of
isometric projections of the surfaces shown in figure 3.7(f-j).
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In figure 3.8 the value of X » which is the angle between the 
hexagonal and square surfaces, is plotted against <}) (which varies 
from 0° to 60°), for different values of X. Figure 3.8a shows the 
results obtained by using four terms in the series solution of 
equation 3.13, whereas figure 3.8b shows the results obtained by using 
only two terms. This further emphasizes the point that by using more 
terms in the series solution, much better results can be achieved. 
The results of the four term series solutions obtained by using 
Laplace's equation are also given for comparison in figure 3.8c. This 
clearly shows the need to introduce the curvature term K.
The variation in the energy of a cubic unit cell of the 
bimodular structure as it departs from uniformity is shown in figure 
3.9. The unit cell contains one-half of the faces of one large and 
one small tetrakaidecahedron. As the value of X increases, this 
energy decreases, which means that even the uniform structure is not 
in stable equilibrium and grain growth will occur.
3.4 DISCUSSION :
Grain growth has been a subject of micrographie studies in order 
to obtain better understanding of its influence on the behaviour of 
nuclear fuel elements , sintered powder materials , ceramics, 
biological materials and soap films. The analogy of growth of cells 
in a soap froth is used for grain growth in metal polycrystals mainly 
for two reasons. Firstly, in foam the driving force for bubble growth 
is derived from the surface tension of the walls of the foam. This 
corresponds to the grain boundary energy in crystals. Secondly, in
- 42 -
foam, the rate of migration of cell walls is controlled by the 
diffusion of gas through the wall, which is analogous to the rate of 
transfer of atoms across a grain boundary, and is proportional to the 
curvature of the cell walls.
However, problems become more difficult when polycrystalline 
materials are considered. When one grain changes its size, the 
neighbouring grains do so likewise. Any instability occurring at the 
corners of grains effects the whole system. It has been suggested 
(Smith, 1952) using the soap film analogy, that grain growth results 
due to the inequilibrium at edges and corners of grains and that these 
instabilities result due to the introduction of curvature on the grain 
boundaries.
In the present work, an attempt has been made to approximate 
real polycrystalline materials. However, the main purpose is to 
investigate the cause and different mechanisms of grain growth, using 
idealized models, without the randomness experienced in reality.
The curvature term K, which in this case is responsible for the 
grains to grow, can now be defined as
where is the total surface area, V is the volume of the uniform 
tetrakaidecahedron and 6 =(X-0.25), represents the change, X is the 
measure of growth, such that X=0.25 corresponds to the uniform 
structure with K=0.
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Using an experimental and topological analysis of grain growth 
in aluminium, Rhines and Craig (1974) introduced a structural 
gradient,o , and showed that the rate of grain growth is a linear 
function of the magnitude.of this parameter. The structural gradient 
is defined as
where
= (8Ah+ 3A;+ 3Ag)/2
is the total area per unit volume
Mv = (8Ah%)/2
is the total curvature and is the number of grains in a unit
volume; A^ ,A^ ,A” , are the areas of hexagonal, big and small square
faces respectively. K is the curvature term which is zero for the 
square face since the square faces remain flat as they are planes of 
mirror symmetry.
Table 3.3 presents values of and as the value of X
increases, substituting the values of , (N^=2) for the uniform
structure the value of o is zero, as predicted by Rhines and Craig. 
In the case of 99.99pct aluminium the experimental value of a is 
1.33, which corresponds to X=0.27 in the present case. The
relationship between X and a is shown in figure 3.10. Such a
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relationship suggests which idealized model corresponds to a given 
real material.
For the structure discussed in this chapter, the grain boundary 
energy ratio is taken as unity. However, different values for this 
ratio could be examined and of course a detailed study of another 
special case 2//3 was presented in Chapter 2. The y-ratio can have 
values from 0 to /2 . The results of a calculation of energy using 
different values are presented in figure 3.11 for uniform structures 
only.
Unlike the structures with planar interfaces where there is no 
change in energy, changes do occur when grain faces are distorted in 
order to satisfy the surface tension requirements. This difference in 
behaviour is attributed to the fact that, for the structure with 
curved interfaces, the net mean curvature departs from zero as one 
departs from regularity. Calculations have shown that the energy of 
the system actually decreases, this could be explained by considering 
equations 3.8 and 3.9 and their differential forms. From table 3.2 it 
is evident that as the grains are allowed to grow, the value of the 
curvature term K increases. By substituting the values of the 
constants in 3.15 and the (3z/8x)type terms in equation 3.10 it is 
found that H>0, which means that the structure will on average be 
convex on the hexagonal faces. There is no pressure difference across 
the square interface, therefore the total energy of the system is 
expected to decrease.
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It is interesting to note that the results obtained up to X=2/5 
are highly accurate, although the analytical expression (equation 3.1) 
is approximated to the Poisson's equation 3.12. By substituting the 
values of (9z/Bx) type terms in equation 3.1 with K on thp right hand 
side, it is found that the maximum error due to approximations is of 
the order of 5% at X=2/5.
C H A P T E R  F O U R
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STRUCTURES WITH A ROGUE GRAIN
4.1 INTRODUCTION :
A real polycrystal may be described as a perfect array of grains 
plus defects. These defects are analogous to dislocations, point 
defects etc in atomic crystals, and result in the intractable 
randomness of real polycrystalline materials.
As mentioned in chapter 2, grain growth and shrinkage in 
two-dimensional polycrystals, using idealized models, have been 
investigated previously (Crocker et al., 1980). It is found that the 
only regular two-dimensional polycrystal which can be in total 
equilibrium, is an array of hexagons with isotropic grain boundary 
energy.
Some investigations have been reported (Rinous, 1981) on grain 
growth or shrinkage in an array of flat-faced tetrakaidecahedra, with 
isotropic grain boundary energy. In this chapter, this work is 
extended using the correct value of the grain boundary energy ratio 
between the hexagonal and square faces. Also, in this chapter, some 
investigations are carried out on the structures with curved 
interfaces. Calculations are presented for the case in which a single
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grain in an array of tetrakaidecahedra is allowed to grow at the 
expense of its neighbours.
4.2 ROGUE GRAIN WITH PLANAR INTERFACES :
In an array of flat faced tetrakaidecahedral grains, allow one 
of the grains to either grow or shrink by changing its volume 
uniformly. Using isotropic grain boundary energy, it was found that 
the variation in the total area of the structure is parabolic in 
nature (Rinous, 1981). The results were for the range 0< L/1 <2.
Here L is the length of the edge of the growing or shrinking square 
face, which remains square, and 1 is the length of the hexagonal face, 
which remains the same even at the point when the rogue grain meets 
its third nearest neighbours (1=1). The shapes and multiplicities of 
the faces of the rogue grain and its first and second nearest 
neighbours are reproduced in figure 4.1(a) to (f).
However, it must be noted that the ratio of energy per unit area 
of the hexagonal and square faces for the structures with planar 
interfaces, due to surface tension requirements, should be
It is not unity, as assumed in previous calculations for the total 
energy of structures with a rogue grain (Rinous, 1981). The above 
mentioned ratio has been used in the present work.
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During the growth process, at the limiting case (L/l)=2, (figure 
4.1(a)), the rogue grain makes contact with its third nearest 
neighbours. Comparison between figure 4.1(a) and (c) yields that 
during the growth process, three square /faces on the first nearest 
neighbours are eliminated, and four hexagonal faces change their 
shapes. On the second nearest neighbours, five faces change their 
shapes. The structure in figure 4.1(a) is highly unstable due to the 
unstable nodes formed at the corners of the rogue grain where it makes 
contact with its third nearest neighbours.
On the other hand, if the rogue grain is allowed to shrink, the 
limiting case results at (L/1)=0, figure 4.1(e). The square faces of 
the tetrakaidecahedron shrink to a point, and the rogue grain becomes 
an octahedron, with highly unstable nodes at the corners. Seven faces 
on the first nearest neighbours change shape,and. on the second nearest 
neighbours one square face is eliminated and four hexagonal faces 
change shape.
Since the unstable nodes indicate a high energy configuration, 
they should dissociate instantaneously to equilibriate the structure. 
Some special cases for the growth mechanism resulting from the 
dissociation of unstable nodes are considered here. The parameter, 
(L/1), is replaced by a more convenient parameter (h/1), where h is 
the distance from the centre of the rogue grain to the centre of the 
hexagonal face, such that
r @  - 1)
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where (h/l)=(1/>/6 ) and (5/yS ) correspond to the cases (L/1)=0, and 
(L/l)=2, of the previous calculations (Rinous, 1981),
First consider the shrinkage mechanism. Allow the octahedron of 
figure 4.1(e) to shrink until it becomes a point,((h/l)=0), as shown 
in figure 4.1(f). Three faces of the first nearest neighbours change 
their shapes, and one face is eliminated. On the second nearest 
neighbours there is no change in the shapes as compared to figure 
4.1(e) '
Secondly, consider the growth mechanism shown in figure 4.Kg) 
for which (h/1) > (5^ |/5 ). Dissociation of the unstable nodes (figure 
4.1(a)) results in the formation of rectangular faces, so that the 
rogue grain now becomes the great rhombicuboctahedron (figure 
2,1(16a)), with six octagonal, eight hexagonal and twelve newly formed 
rectangular faces as shown in figure 4.1(g). At this stage, seven 
faces on the first nearest neighbours change their shapes. On the
second nearest neighbours a total of nine faces change shape. The
large square face becomes an octagon and four of the five small square
faces become pentagons, which represent the interfaces between the
second and third nearest neighbours. On the third nearest neighbours, 
of the eight regular hexagons two become irregular and two of the six 
square faces change their shape and become pentagons. Also, a new 
rectangular face is formed which represent the interfaces between the 
first and third nearest neighbours.
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If the rogue grain is allowed to grow further, structures of the 
type shown in figure 4.1(h) result. This is the case when 
(h/l)=(7//6 ), and is chosen as the limiting case for the present 
work. Comparison with figure 4.1(g) reveals that on the first nearest/ 
neighbours three faces are eliminated and a further four faces are 
changing their shapes. On the second nearest neighbours four faces 
are eliminated', and five others of which four become isosceles 
triangles are changing . On the third nearest neighbours, five faces 
change shape and the pentagonal faces becomes isosceles triangles. 
The rogue grain has the form of the great rhombicuboctahedron of 
figure 2.1(9).
The variation in area AA of a polycrystal as a rogue grain grows 
or shrinks is given below:
^  = -0.104 ( 1 -
b) M  = -0.070 ( 1 Y  /  h  4' ^  6
c •
c) ^  = -0.074 ( 8(;| Y  - |)2- |5- ) J  <Y
where A^ . is the area of a grain in the unimodular structure.
Table 4.1 shows the values of a A/Aq for the different values of 
(h/1). From the above three equations it is evident that they are all 
parabolic.
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The change in energy AE is given by 
AE = E£- E^
I
where Ef is the total energy of the growing structure, E£ is the 
energy of the uniform structure. When the correct value of the grain 
boundary energy ratio is used, the total energy of the system remains 
constant, i.e.
AE = 0
It does not vary parabolically as claimed by Crocker et al.(1980) and 
Rinous (1981). The results will be discussed in section 4.4.
4.3 ROGUE GRAIN WITH CURVED INTERFACES ;
Consider the unimodular structure as shown in figure 4.2(a), 
with the centre of the rogue grain at 0 ’, such that the distance from 
the centre to the centre of the hexagonal face C  is (h/l)=(3//6 ). 
By allowing the rogue grain to grow uniformly, its faces move outwards 
and truncate its first and second nearest neighbours. At the limiting 
stage to be considered here, (h/l)=(5//6 ) figure 4.2(b), unstable 
nodes are generated at its corners and the structure does not obey 
Plateau’s rules.
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In the present work, it is assumed that, when the rogue grain is 
allowed to grow, its hexagonal faces change their convoluted form and 
its square faces bow outwards due to the pressure difference between 
the grains. Also, of the six square faces on the first nearest 
neighbours, the three which become rectangles at intermediate stages, 
remain flat with curved edges. This is because there will be no 
pressure difference across the interface between two identical first 
nearest neighbours. Also five square faces on the second nearest 
neighbours remain flat with curved edges as the pressure difference is 
assumed to be zero across the interface of second and third nearest 
neighbours. This is an important assumption of the model and will be 
discussed later.
As in the case of the rogue grain with planar interfaces, during 
grain growth, faces will change shape. At the limiting stage three 
square faces are eliminated from each first nearest neighbour, three 
hexagonal faces become trapezia and one , the interface with the rogue 
grain , becomes a large hexagon. On the second nearest neighbours 
five faces change shape, one square and four hexagons. Out of the six 
square faces, one becomes a large square which forms the interface 
with the rogue grain, and four hexagonal faces, the interfaces between 
the first and second nearest neighbours becomes trapezia.
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4.3.1. EQUATION OF THE SURFACES ;
The equation of the hexagonal face of the second nearest 
neighbour, with centre at C (figure 4.2(a)) is, as in section /3.3.1 
(Table 3.1)
3 6 9 2
z = A + A3r cos(3(f) ) + Agr cos(6t|),) + Agr cos(9#) + Kr ... 4.1
4
Taking C’ as the centre of the hexagonal face on the rogue 
grain,(figure 4.2(a) ), C ’J and -C’H for the axes of x’ and y ’ and
hence z’ perpendicular to the sector C'EK, the analytical expression 
for the hexagonal surface has the same form as equation 3.1. The 
solution of the approximated Poisson’s equation (3.12), in polar 
coordinates is.
m 2
z’ = Z A^ r ’ cos(m#’) + Kr’ .... 4.2
where m=3(n+1), (n=0 ,1,2...) due to the 3-fold symmetry about the
z’-axis.
For the equation of the square surface on the rogue grain, 
taking C"E and C"H for the axes of x" and y”, the solution of 
Poisson’s equation in this case is.
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z" = Z A" r"^cos(prf,") + Kr" _____4.3
■ P —
where p=4q,(q=0,1,2,.. ), due to the 4-fold symmetry about the z"-axis. 
The values of the arbitrary constants of equation 4.1 are obtained 
from the solution of the unimodular structure as described in section 
3.2; where A^=A^=K=0. Hence equation 4.1 can be rewritten as,
z = -0.046714 r^cos(3#) + 0.003492 r^cos(9#) ....4.4
This is used as the equation for the hexagonal face on the
second nearest neighbour in the present chapter.
4.3.2. BOUNDARY CONDITIONS :
Consider three unit vectors n^ ^^  along the edges EH,EK
and EF, as shown in figure 4.2(c). According to Plateau’s rules, four
edges meeting at a point should make an angle of 109° 28’ with each
other. Therefore,
n . n = -1 
R1 12 3
and n. • II ~ ~1.
R2 12 3
The components of these vectors can be easily obtained, since the
vectors n„„ and n-_ are orthogonal to the normal n„„ of the hexagonal 
~KZ — iZ — tiZ
surface of the second nearest neighbour and also to vector Z. Thus
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n . n = 0 ;  n . 2 = 0  
12 H2 12
where
% 2  = [■
9z
9x 9y ] and Z = 2 0 / 2
Similarly, components of the vectors n^^ and _ n c a n  be obtained.
The vector n ^  normal to the hexagonal surface of the rogue 
grain at point E, is orthogonal to the vectors n^^ and 2 ^1» Therefore 
to obtain the values of the arbitrary constants of equation 4.2, the 
boundary conditions are.
where
n . n = 0 ...4.5(a)
HR R2
n . n = 0 ...4.5(b)
HR R1
n . n = 1 ...4.5(c)
HR H2 2
n . n = 1 ...4.5(d)
HR 31 2
9z _ 9z . /2 1
9x 9y
and ng^ =
° /3
An additional condition is that the surface defined by equation 4.2 
passes through the corner E. Therefore using n=0,1,2,3, equation 4.2 
can be written
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3 6 9 2
z’ = A ’ + A ’ r ’ c o s O ^ M  + A ’ r* cos(6d^) + A ’ r ’ cos(9t|>M+K’r ’ 
0 .3 6 9 -T,—
For the square face, using equation 4.3, and two other conditions, 
i.e.
n . n = 0 . . .  .4.6(a)
SR R2
n . £  = 2 •••.4.6(b)
SR R2 2
where
9z 3z 
-SR 3x By
and using equations 4.6(a) and (b), equation 4.3 can be rewritten as
4 2
z" = A" + A" r" cos(4(f)") + Kr"
0 4 —
4.3.3. TRANSFORMATION OF COORDINATES;
From the previous solution of the hexagonal surface of the 
unimodular structure (chapter 3, equation 3.7), the coordinates in 
terms of the xyz-system of axes along the curved edge EF (figure 
4.2(a)), are known, and it is assumed that by allowing the rogue grain 
to grow, the corner E moves along the edge EF, such that at the 
half-way stage, the corner is the mid-point G. To obtain the value of 
the arbitrary constants in equation 4.2, the coordinates in terms of 
the system of axes with origin at the centre of the hexagonal face of 
the second nearest neighbours, C(xyz), are transformed to the system 
with origin C ’(x’y ’z') of the hexagonal face of the rogue grain. This
- 57 -
can be achieved by first transforming the system of axes with origin 
C(xyz) to O(XYZ) followed by transforming the system of axes with 
origin O(XYZ) to O ’(X'Y'Z'), (figure 4.2(a)), and then from the system 
of axes with origin at O ’(X'Y’Z ’) to the origin of the hexagonal face 
of the rogue grain (C’(x’y ’z*)). The transformation equations are as 
follows.
-1
X' = R X + T
i ij j ” i
and
where
X ’
” i
X =
/ x ’'
\z<l
x’ = R’ ( X ’ - T ’) • • • • 4.7
"i ij ~i ” i
/ 1 -1 1/ /6 /2 /3
-1 1 1 1
; R /6 /2 /3
ij
0 1
\ /6 /3
/ 1 -1 -2/ /6 /6 /6
1 1 0
; R ’ /2 /2
ij
\ 1 -1 1
\ /3 /3 /3
and T = 1_ (131), is the translation vector(CO’)
“ i 4
Here R and R ’ are the rotation matrices from the XYZ to the xyz
ij ij
system of axes and from the X ’Y ’Z ’ to x’y’z’ system. T.’ is the
— 1
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translation vector O ’C* from the origin 0 ’(X’Y ’Z ’), to the origin of 
the hexagonal face C’(x’y ’z’).
Similarly, the transformation equation /from XYZ axes at the 
origin 0 to x’’y"z" axes at the centre of the square face on the rogue 
grain C" can be written
where
X"
-i
X" = ( X" - T" ) R" * # # e 4.8
i i i ij
/ X" ^ /1 0 0 ^
Y II R" 0 0 1
ij
\ z " / 0 1 0/
TV=-Y’ is the translation vector from the origin 0 ’(X’Y ’Z ’) to C"
4.3.4. METHOD OF CALCULATION AND RESULTS
The values of the arbitrary constants in equation 4.2 and 4.3 
are obtained by solving the set of simulataneous equations 4.5 and 4.6 
for the hexagonal and the square surfaces respectively. This requires 
transformation of coordinates using equations 4.7 and 4.8, and then
from cartesian to cylindrical polar coordinates. The coordinates
(r, #,z), can be calculated along the curved edge EH, by using the
false position method to obtain the root of equations 4.2 and 4.4,
such that
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z =f(x,y)=0 and z’=f(x’,y')=0
Similarly for the line of intersection of equations 4.3 and 4.4,
z =f(x,y)=0 and z"=f(x",y")=0
The coordinates along the edge EK and EF can be calculated by
using the Newton-Raphson method, discussed in section 3.2.2. Using 
the iterative procedure, angles along the edge between the square and 
hexagonal faces and between the hexagonal faces can be obtained using 
equations 4.6(b) and 4.5(c) or (d) respectively. For the calculation 
of the area, a method similar to the one described in section 3.2.2 
has been employed.
The values of the arbitrary constants in equations 4.2 and 4.3, 
for the hexagonal and square faces respectively, are obtained by using 
the iterative procedure described in section 3.2.2. The values are 
given in table 4.2 and 4.3, here (h/1), a measure of growth, is the 
distance from the centre of the grain to the centre of the hexagonal 
face.
Figures 4.3 and 4.4 show contour plots and isometric projections 
of the hexagonal and square surfaces of the rogue grain, respectively. 
As the rogue grain is allowed to grow the extent of displacement in 
the z-direction can be easily visualized. Figure 4.3(i-v), shows the 
contour plots for the hexagonal face of the rogue grain, with 
annotated contour heights. Figure 4.3(a-e) illustrates the isometric 
projection of the same face. As the rogue grain is allowed to grow, 
the displacement in the z-direction becomes more and more negative.
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corresponding to K>0 for the hexagonal faces. As in the case of 
bimodular structures the corners are at z=0, and at (h/l)=(4,77//6), 
triangular contours are forming at the centre of the face. However 
during the intermediate stages the centre of the faces look 
appreciably flat, as can be seen from figures (a-e). From figure 
4.3(iii-v), it can be seen that the displacement at the centre of the 
long edge is more negative than anywhere else along the edge. This 
again is illustrated clearly in figure 4.3 (c-e).
Figure 4.4(i-v) and (a-e) shows the contour plots and the 
isometric projection of the square surface of the rogue grain. These 
start from (h/l)=(3.22Z/6), since the square faces of the rogue grain 
at (h/l)=(3/ /6), are flat. The displacements in the z-direction are 
negative for all the cases. The most interesting feature is shown in 
figure 4.4(c), where the edges seem to have straightened up, this 
stage corresponds to (h/l)=(4//6), which is the half-way stage of the 
growth. Spherical caps are forming at the centre of the square faces 
in the negative z-direction as shown in figure 4.4(i-iv), this feature 
at the centre is well illustrated in the 4.4(a-d). It vanishes as the 
growth approaches the limiting stage, as can be seen from (v) and (e). 
Since the curvature of the face tends to decrease, one expects that at 
the limiting stage, calculations for which are not possible due to 
more than four edges meeting at a corner, the square face will perhaps 
become flat again.
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Figure 4.5(a) presents plots of the variation of \ , where X is 
the angle between the hexagonal faces of the rogue grain and its first
nearest neighbours, as a function of the angle (|) calculated by using
equations 4.5(c) and (d). /Figure 4.5(b) is a similar plot, but for
the angle between the square face and the hexagonal faces of the rogue
grain obtained by using equation 4.6(b). The errors increase as the 
grains are allowed to grow, and it is expected that by using more 
terms in the series solution, this could be reduced appreciably, even 
with an approximate solution. However, it must be pointed out that in 
the case of the square faces the boundary conditions are applied only 
at the corners and not at the mid-point of the edges. Therefore using 
more terms in the solution will definitely improve the results.
From the calculations it is found that as the rogue grain is 
allowed to grow, the total energy increases. This is shown in figure 
4.6 and Table 4.4.
4.4 DISCUSSION ;
Only the early stages of the grain growth or shrinkage of a 
single grain in a three-dimesional array of flat faced
tetrakaidecahedral structure has been investigated in this chapter. 
The results are found to be comparable to the similar mechanisms in 
the two-dimensional array of hexagons.
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In the two-dimensional case, during the shrinkage process 
(figure 4.7), unstable 6-fold nodes are generated which dissociate 
into four,3-fold nodes (figure 4.7(d)), such that the central node and 
its nearest neighbours are in equilibrium, the edges making an angle 
of 120° . However, the surrounding ring of six-nodes is not in 
equilibrium. In an attempt to reach equilibrium the nodes change 
their locations, a possible sequence of events being shown in figure 
4.7(e) to (h). The pentagonal faces shrink, resulting in unstable
5-fold nodes, which dissociate symmetrically into three, 3-fold nodes, 
which for the configuration of figure 4.7(f) are in equilibrium. 
Further shrinkage of five-sided grains and dissociation of unstable 
nodes results in the configuration of figure 4.7(h) ,which reveals the 
true nature of the recrystallized structure. It consist of large 
hexagonal cells, which are three times larger than the original cell 
and oriented at right angles to them.
Further dissociation of unstable nodes, followed by grain 
shrinkage, can occur, giving a larger nucleus of the product hexagonal 
cells surrounded by pentagonal interfacial cells. Recrystallization, 
therefore, proceeds by repeating the mechanism which leads from figure 
4.7(e) to (h). This process is irreversible and it was pointed out 
(Crocker,et al, 1980), that at every nodal dissociation the total 
length of the grain edge and hence the energy of the system is 
reduced. However, if one applies the condition that at the point when
6-fold nodes are allowed to dissociate (figure 4.7(d)) the grain 
boundary energy, which has been assumed to be isotropic, is doubled 
due to double lines being generated, the energy of the system will 
remain constant. Conceptually, the double lines are similar to double
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surfaces in three-dimensions, as discussed in chapter 3.
In the case of the three-dimensional structure, the shrinkage 
process is shown in figure 4.1(a) to (d), and it is fpund to be 
analogous to the process shown in figure 4.7(a) to (c) in 
two-dimensions. Using the correct values of the grain boundary energy 
ratios, it is found that the energy of the system does not change 
during the shrinkage process. In two-dimensions, as the rogue grain 
vanishes, the nearest neighbours loose an edge, whereas in the 
three-dimensions, one face is eliminated from each of its 'nearest 
neighbours, as shown in figure 4.1(d).
It is expected that in three-dimensional structures, the 
dissociation of unstable nodes will lead to a recrystallized 
structure, with cells larger than the parent.
This phenomenon is also referred to as abnormal grain growth 
(Hillert, 1965), which is expected when a non-uniform structure is 
produced in which a few grains become extremely large at the expense 
of the remainder. This can also be termed secondary
recrystallization. It has been shown experimentally (Cahn, 1970), 
that once abnormal grain growth is completed, the orientation of the 
parent-product structure differs, as suggested for the case of 
two-dimensional structures by Crocker et al., (1980).
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In the case of two-dimensional grain growth, it is expected that 
growth beyond 4.7(h), will continue until a large hexagonal cell is 
obtained. Again, for growth in three-dimensional structures, there 
seems to be ^n analogy with the two-dimensional array of hexagons 
(figure 4.7(k) to (o)). In particular during the growth of the cells, 
unstable nodes are generated when the structure of figure 4.7(1) is 
obtained, i.e. the growing grain meets its second nearest neighbours 
with the edge of the first nearest neighbours vanishing. In 
three-dimensions, this situation corresponds to the rogue grain 
meeting its third nearest neighbours, with three faces of its first 
nearest neighbours eliminated.
In two-dimensions, when the rogue grain grows to the extent that 
its first nearest neighbours vanish, it corresponds to the 
three-dimensional structure of figure 4.1(h). Here, the first nearest 
neighbours have lost six faces. In general, it can be said that in 
two-dimensions the first nearest neighbours follow the (E-n) 
relationship, where E is the total number of edges of one cell, and n 
is the total number of edges which have vanished. In three-dimension, 
this relationship has the form (F-n), where F is the total number of 
faces of a grain. For the second nearest neighbours, the relationship 
is (E-n) and (F-2n) for the two- and three-dimensional arrays , 
respectively.
It is interesting to note that for the flat-faced structure 
during the growth or shrinkage of a single grain, the total energy of 
the system remains constant. This suggests that the corresponding 
real three-dimensional structures are in stable equilibrium.
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For structures with curved interfaces, it has been assumed that 
as the rogue grain is allowed to grow uniformly, there is a pressure 
difference across its interface with the first and second nearest 
neighbours. It is found that the value of the curvature term K is 
greater than zero for both the interfaces.
It was expected that, since there is no pressure difference 
across the interface of the first and second nearest neighbours, the 
curvature term K, will have the same value in the two cases, i.e. the 
hexagonal face (interface between the rogue grain and its first 
nearest neighbours) and the square face (interface between the rogue 
grain and its second nearest neighbours). However, from the 
calculations, it is found that this is not so. This could be due to
the reason that fewer terms have been used in the series solution
(equation 4.3), for the square surface.
To determine the origin of the difference mentioned above, the 
values of (8z/9x)^ and (8z/3y)^ type terms in equation 3.1 are 
substituted,(right hand side of the equation being replaced by K). 
The resulting values of K are compared with the corresponding values 
of K obtained by approximating the analytical expression of the 
surface to Poisson's equation(3.12). The results are shown in figure
4.8, where the dashed lines are the results from equation 3.1 (with
K), and the continuous lines are the values of K from Poisson's 
equation, for the hexagonal and the square faces, respectively. It 
can be seen that in the case of the square faces, there is good 
agreement between the two values, while for the hexagonal faces the 
error involved is about 50%. This perhaps suggests that approximating
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the analytical expression of the surface (equation 3.1), to Poisson*s 
equation is not a valid one, and a solution to the analytical 
expression is required.
I
The structural gradient a , (Rhines and Craig, 1974), for an 
aluminium alloy was found to be 1.33, this corresponds to (h/l)= 
3.16//6 ,in the present work. This gives an idea of the shape of the 
real material in an idealized model, where only one grain is allowed 
to grow.
From the calculations, as shown in figure 4.6 and table 4.4 , it 
is found that the total energy of the system increases as the rogue 
grain is allowed to grow uniformly. This suggests that instead of 
growing, the grains will prefer to remain at the lowest energy 
configuration, with the uniform structure. This increase in energy, 
perhaps, is the result of the assumption that there is no pressure 
difference across the interface of the first and second nearest 
neighbours. It is expected that without this assumption, the total 
energy of the system would have remained constant, as in the case of a 
rogue grain with planar interfaces.
However, this assumption does not invalidate the model or the 
calculations, because, there are many idealized ways in which the 
grain growth phenomenon for the real materials can be studied. For 
example, one can assume that there is a pressure difference across the 
first and second nearest neighbours. If this is the case then the 
hexagonal faces of the second nearest neighbours will have 2-fold 
symmetry, rather than 3-fold.
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CONCLUSIONS
The main purpose of the detailed study performed in the present 
work was to obtain a better understanding of the morphology and grain 
growth mechanisms in real polycrystalline material. Idealized models 
possessing a high degree of symmetry have been used in order to follow 
the growth or shrinkage mechanisms. In the model structures employed, 
the grain boundary, which is the interface between pairs of crystals 
of different orientation, has an energy which is felt as a surface 
tension. Variations in this tension are generally small, since the 
grain faces tend to meet at an angle of 120°.
In the work presented, detailed shapes of the grains for several 
three- dimensional structures have been investigated and from the 
calculations it has been found that in some cases the uniform 
structure, which is normally assumed to represent the minimum energy 
configuration, does not possess the lowest energy.
In Chapter 2, plane faced structures are considered and by 
allowing one-half of the grains to grow, the sequence of grain growth 
has been investigated. The critical geometries at which the 
dissociation of grain corners occur have been noted. In certain cases 
unstable nodes are allowed to dissociate in such a way that one-third 
of the grains are allowed to grow.
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In one of the dissociation sequences, considered in Chapter 2, 
the final product structure is equivalent to but eight times as big as 
the parent structure (uniform tetrakaidecahedra), In future, a 
detailed study of the interface of the structure between the parent 
and large product cells can be investigated, using the dissociation 
mechanisms presented in this thesis. It has also been noted that 
deformation induced transformations between certain homogenous 
structures can be used to describe the phase transformation from 
Y-iron too-iron.
On the basis of these and related ideas a theory, based on 
theories of crystal defects can be developed to describe the behaviour 
of cellular materials using idealized structures with defects.
The most important feature from Chapter 2, is that all the 
structures are in stable equilibrium. It is also found that for the 
structure with planar interfaces, by using the correct values of the 
grain boundary energy ratio, the total energy per unit cell remains 
constant for the majority of the cases.
In Chapter 3, structures with curved interfaces are considered 
and the sequence of grain growth is followed by allowing one-half of 
the grains to grow. It is expected that the curvatures induce 
instability and that grain growth will occur. The tetrakadecahedral 
grains employed possess a high degree of symmetry and with convoluted 
hexagonal faces come closest to satisfying Plateau's rules. The 
solution presented is an approximate one, but it does help in 
formulating a basis to obtain better solutions for the hexagonal
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surfaces of the grains. It is found that the energy per unit volume 
decreases as the structure departs from uniformity. The uniform 
structure does not possess lowest energy, and since it is marginally 
unstable in order to minimise the grain boundary area, grain growth 
will occur spontaneously. The errors involved in the calculations can 
be avoided by finding an exact solution of the analytical expression 
of the surface, instead of approximating it to Poisson’s equation.
In Chapter 4, a structure with a rogue grain is considered. 
Comparison with the two-dimensional array of hexagons is presented for 
the structures with planar interfaces. Only the early stages of grain 
growth or shrinkage have been investigated. This forms the basis for 
the numerous complex structures which can be evolved after 
dissociation of nodes. Once again in these cases the emphasis is on 
the grain boundary energy ratio, and it is found that by using the 
correct values of this ratio there is no change in the energy of the 
system.
For the rogue grain with curved interfaces, discussed in the 
latter part of Chapter 4, it is found that in fact the uniform 
structure in this case does possess lowest energy and is in stable 
equilibrium. The total energy of the system in this case increases as 
the rogue grain is allowed to grow uniformly, and the growth mechanism 
will not be energetically favourable. Also, as in the case of the 
bimodular structure, it is found that the solution is not perfect due 
to the approximation used for the form of the surface. This could be 
improved by finding a solution for the full analytical expression of 
the surface.
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The method adopted, and the assumptions made for the pressure 
difference across the interfaces, is only one of the many which can be 
used to study the grain growth phenomenon. Instead of assuming zero 
pressure difference across the interface of first and second nearest 
neighbours, other solutions can be obtained by making alternative 
assumptions. These have been discussed in Chapter 4. However, 
approximations used for the bimodular structures and structures with a 
rogue grain, do not invalidate the models or the techniques used, 
since the cases considered in the present work are only two of the 
many which can be investigated.
From Chapters 3 and 4, relationships between the grain boundary 
curvature and the energy of the structure can be obtained, but in 
order to explain them,. different types of grain growth mechanism 
should be considered in detail.
Due to the lack of experimental evidence, it is difficult to 
draw conclusions from the present work as far as real materials are 
concerned. However, it is significant to note that the investigations 
carried out for solving the equations of Laplace and Poisson, with the 
boundary conditions imposed by the model, can be useful in analyzing 
real materials. This emphasizes the need for more experimental work 
which can be usefully undertaken. Ideally such experimensts would be 
performed on model specimen with regular unimodular , bimodular or 
trimodular structures. Attempts have recently been made (Elvidge, 
1984) to produce two-dimensional polycrystals with regular hexagonal 
grains by brazing together hexagonal rods of brass and sectioning them 
perpendicular to their axis. The results are promising but the
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creation of regular three-dimensional polycrystal of this kind from 
separate tetrakaidecahedral shapes would be much more demanding. It 
therefore seems that experiments which could be performed in the near 
future must be restricted to irregular polycrystalline/ structures. 
Indeed, much more work needs to be done on determining the shapes of 
grains in real structures. This requires extracting single grains 
from the specimen or serially sectioning the specimen, to locate the 
positions of the corners and determine the shapes of the faces. 
Continuation along these lines would require to develop a theory to 
calculate for the irregular faces in the irregular structures. The 
results could then be compared with a generalized form of the 
calculations presented in the present thesis to include irregular 
structures.
It is also hoped that more statistical experiments on a range of 
materials, like the one carried out by Rhines and Craig (1974) by 
serial sectioning of samples of aluminium, will be performed. The 
structural gradient, c, which expresses the curvature of the grain 
boundary can then be compared with the theoretical values deduced 
using the method presented in this work. This will enable one to 
formulate a relationship between the shapes of the grains in an 
idealized model and those in a given real material.
It is interesting to note some other related aspects of the use 
of polyhedral models in understanding the properties of polycrystals. 
For example, a knowledge of the grannular structure of polycrystalline 
material and ceramic powder compacts is pre-requisite to understanding 
the morphology of interlinked grain edge porosity, which occur in
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these materials. A network of tunnels lying along grain edges and
interlinking at grain corners is encountered during the intermediate
stage of sintering and as a result of fission gas release in UO
2
nuclear fyel during irradiation. The polyhedral models are used to 
obtain information about the form of such porosity (Dowling, 1984). 
Such information is essential to the manufacturing processes of dense 
ceramics and to understanding the swelling of nuclear fuels in the
r
reactor.
Thus grain and cell growth are important in polycrystals and 
cellular structure and can lead to engineering and biological 
failures. The work described in this thesis demonstrates that it is 
possible to obtain an understanding of some of the grain growth 
processes and hence these failures by using models based on regular 
polycrystal structures containing defects.
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T A B L E  2.1
LIST OF SOLIDS
'IG 2.1 TYPE TYPE OF FACES ({hki:
PLATONIC SOLIDS {100} {110} {111:
1 Tetrahedron _ T
2 Cube S - -
3 Octahedron 
SEMI-REGULAR ARCHEMEDEAN SOLIDS
T
4 Truncated Tetrahedron _ T,H
5 Truncated Cube 0 - T
6 Truncated Octahedron S - H
7 Cuboctahedron S - T
8 Small Rhombicuboctahedron S s T
9 Great Rhombicuboctahedron 
ARCHEMEDEAN DUAL
0 s H
10 Rhombicdodecahedron
ARCHEMEDEAN PRISM
Rh
11 Octagonal Prism
NON-REGULAR ARCHEMEDEAN
S,0
SOLIDS
S
12a,b Truncated Tetrahedron _ T,H
13a,b Truncated Cube 0 - T
14a,b Truncated octahedron s - H
15a,b Small Rhombicuboctahedron s R T
16a,b Great Rhombicuboctahedron 0 R H
16c,d Great Rhombicuboctahedron 0 R H
I6e,f Great Rhombicuboctahedron 0 S H
17 Rhombo-hexagonaldodecahedron - - Rh,H
18 Octakaidecahedron s H -
19a,b Octagonal Prism S,0 R -
20 Heptahedron p - T,H
21 Tetrahedron T - T
The structures are shown in Figure 2.1 
T=Triangular, S=Square, H=Hexagonal, 0=0ctagonal 
R=Rectangular, P=Pentagonal and Rh=Rhombic
TABLE 2.1 : List of solids discussed in the thesis,
- 76 -
T A B L E  2.2
# +
FIG STRUCTURE TYPE TYPE OF SPACE GROUP SYMBOL
POLYHEDRA 
(Figure 2.1)
A B C
2.4a A - bcc 6
b AB 14b 14a
c AB 7 3
2.5b 13b 3
c AB 5 3
d 13a 3
e A - sc 2
f 16c 12b 13a
ABgC
g 15b 1 2
h 16e 12b 13b
i ABgC 9 4 5
j I6f 12a 13a
k 8 1 2
1 16b 12a 13b
ABgC
m 15a 1 2
n 14b 12b 7
o ABgC 6 4 7
P 14a 12a 7
q ABg 3 1
r AB 18 2
2.6b AB 18 2
c A - fcc 10
d AB3 18 17
1
Pm3m Oh
Fm3m o}
h
continued,
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« +
FIG STRUCTURE TYPE TYPE OF SPACE GROUP SYMBOL
POLYHEDRA 
(Figure 2.1)
A B C
2.6e A - sc
2.7b 16c 19a
2.8b ABgCg 6 20 3
c 7 21
ABg
d 13a 21
e A - sc 2
* Hermann-Mauguin space group 
+ Schoenflies symbol
1
c ABg 9 11 Fm3m 0^
d 16b 19b
e A - bcc 6
1
Fm3m 0,
TABLE 2.2 : Summary of the polyhedra involved in the uni-, bi-
and trimodular structures illustrated in figures 2.4-
2.8, together with the corresponding symmetries ( see 
sections 2.2-2.4 ).
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T A B L E  3.1
<|)° KELVIN 1-TERM 2-TERM 3-TERM
,0 ,0 ,0 .0
0 119.86 118.21 120.00 120.00
7.50 119.59 118.38 119.85 119.96
15.00 118.95 118.72 119.60 120.00
22.50 118.50 119.27 119.69 119.80
30.00 119.48 120.00 120.00 120.00
TABLE 3.1 : Calculated values of the angle X between the square and
hexagonal faces of a unimodular structure at different location 4» 
along the edge for four different approximate solutions.
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T A B L E 3.2
X K Ao ^ 6 Ag
X lO”^ X lo"!
-2
X  10
-2
X 10
0.2500 0.0000 0.0000 -0.4671 0.0000 0.3492
0.2666 0.0188 0.0003 -0.4658 -0.1850 0.3507
0.2833 0.0380 -0.0002 -0.4618 -0.3754 0.3554
0.3000 0.0579 -0.0029 -0.4547 -0.5757 0.3634
0.3166 0.0788 -0.0091 -0.4441 -0.7930 0.3750
0.3333 0.1013 -0.0205 -0.4291 -1.0347 0.3907
0.3500 0.1259 -0.0392 -0.4084 -1.3106 0.4112
0.3666 0.1536 -0.0686 -0.3801 -1.6345 0.4374
0.3833 0.1857 -0.1136 -0.3412 -2.0254 0.4707
0.4000 0.2242 -0.1821 -0.2871 -2.5121 0.5124
TABLE 3.2 : Coefficients (K,A^,A A^,A^) of the solution (equation
3.15) for the shape of the hexagonal face of the bimodular structure 
for different values of the parameter X.
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T A B L E 3.3
X %v Sv
0.2500 0.0000 13.2510
0,2666 0.1906 13.2499
0.2833 0.3877 13.2471
0.3000 0.5899 13.2415
0.3166 0.8023 13.2354
0.3333 1.0282 13.2262
0.3500 1.2702 13.2173
0.3666 1.5344 13.2095
0.3833 1.8267 13.1992
0.4000 2.1533 13.1981
TABLE 3.3 : The total curvature (M ) and total area per unit volume
V
(Sv) for different values of the parameter X ( see section 3.4 ).
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T A B L E  4.1
/
h L M
/6 1 1 Ac
0 - -0.104
1 0 - 0.070
2 1/2 -0.017
3 1 0.000
4 3/2 -0.017
5 2 - 0.070
6 5/2 -0.750
7 3 -1.727
*Rinous (1981)
TABLE 4.1 : The change in area A A of the faces of a structure as a
rogue grain with planar interfaces is allowed to grow or shrink.
(h//6l) and (L/1) are alternative measures of the growth process,
values of 3 and 1 corresponding to the regular unimodular structure,
which has faces of area A ( see section 4.2 ).
c
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T A B L E  4.2
h K' A ’ A' A' A ’
/6 1 o 3 6 9
3.00 -0.0000 0.0000 -0.0467 0.0000 0.0035
3.22 0.0460 -0.0123 -0.0475 -0.0026 0.0036
3.44 0.0848 -0.0242 -0.0466 -0.0041 0.0028
3.66 0.1167 -0.0347 -0.0450 -0.0047 0.0021
3.88 0.1417 -0.0437 -0.0430 -0.0049 0.0015
4.00 0.1511 -0.0478 -0.0422 -0.0048 0.0013
4.11 0.1632 -0.0522 -0.0408 -0.0049 0.0012
4.33 0.1847 -0.0617 -0.0386 -0.0050 0.0009
4.55 0.2104 -0.0750 -0.0361 -0.0053 0.0008
4.77 0.2455 -0.0961 -0.0328 -0.0059 0.0006
TABLE 4.2 : Coefficients (K’,AJ,AJ,AJ,AJ) of the solution (equation
4.2) for the shape of the hexagonal face of the structure with a rogue 
grain for different values of the parameter (h//6l).
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T A B L E  4.3
h K", A" A"
/6 1
/
o 4
3.00 0.0000 0.0000 0.0000
3.22 0.0616 -0.0161 0.0170
3.44 0.1074 -0.0323 0.0224
3.66 0.1428 -0.0476 0.0219
3.88 0.1705 -0.0619 0.0190
4.00 0.1803 -0.0687 0.0175
H.11 0.1863 -0.0751 0.0164
4.33 0.1824 -0.0868 0.0159
4.55 0.1446 -0.0958 0.0188
4.77 0.0356 -0.0960 0.0275
TABLE 4.3 : Coefficients (K",A” ,A") of the solution (equation 4.3)
0 4
for the shape of the square face of the structure with a rogue grain 
for different values of the parameter (h//6l).
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T A B L E  4.4
AE/Ec
/6 1
3.00 0.00
3.22 0.07
3.44 0.11
3.66 0.15
3.88 0.19
4.00 0.20
4.11 0.21
4.33 0.23
4.55 0.25
4.77 0.31
TABLE 4.4 ; The change in energy a E of the system as the rogue 
grain with curved interfaces is allowed to grow. The energy E^ of a 
perfect grain is 13.26.
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1 3
4 5 6
7 8 9
10
C
11
FIGURE 2.1: PolyHedra discussed in this thesis.
(1) to (3) Platonic solids
(4) to (9) Semi-regular Archemedean solids
(10) Archemedean Dual
(11) Archemedean Prism
(12) to (21) Non-regular Archemedean solids
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12a 12b 13a 13b!
14a 14b 15a 15b
16a 16b
i— r W
16c 16d
16e 16f 17 18
19a 19b 20 21
FIGURE 2.1: Continued.
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(a) (b) (c)
(g)
(f)
(e)
(h)
(i)
(j)
Cn)
>
(k)
T (1) (m)
(p)
(o)
FIGURE 2.2: . Some node interaction and dissociation 
mechanisms. See section 2.1.3 for details.
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Ca)
(b)
(c)
FIGURE 2.3: Unimodular packing of polyhedra possessing cubic
~ symmetry, a) simple cubic, b) body centred cubic and
c) face centred cubic.
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(a)
(b)
(c)
FIGURE 2.4: Early stages in the generation of bimodular structure,
a) identical tetrakaidecahedra, b) large and small 
tetrakaidecahedra and c) cuboctahedron and octahedron.
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d L
r
FIGURE 2.5; Different ways in which the simple bimodular 
structure of figure 2.4(c) (i.e. (a)) may continue 
to develop through bimodular (a-e,q,r) and tri- 
modular (f-p) mechanisms.
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c
b
d
e
FIGURE 2.6; Possible dissociation of the unstable nodes of 
the simple cubic structure in which one-half of 
the grains grow.
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c
e
d
FIGURE 2.7: A second dissociation mechanism of the unstable
nodes of the simple cubic structure in which only 
one-third of the grains grow.
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a
c
b
V
e
FIGURE 2.8: Dissociation of the unstable nodes of the
ABg-type structure resulting in the simple cubic 
structure.
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bcc fccBC1.58
4A16A 8AB 4AB
AB
1.00
2AB
bcc
CM
0.00
210- 1.00
log2 V 
(a)
1.5f hOSL 
16A BAB BAB 4AB
AB
l.OC.
sc
O.OC
3210-1
log2 V 
(b)
- FIGURE 2.9: Variation in energy (E) of different sequences of
grain growth with volume (V) of the growing grain.
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1.  }
2. — >
3. — ^
4. ->■
bcc to sc
sc /
bcc to fee to sc 
bcc to sc to bcc 
bcc to sc
to fee to sc
-1-1
-1
-1
feebcc
FIGURE 2.10: Schematic representation of the various dissociation 
sequences between the sc, bcc and fee structures. The 
arrows give the possible paths followed, those marked 2 
indicating reduction of energy by a factor of 2.
-1
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j _____
FIGURE 2.11; Bain correspondence of fee and body centred 
tetragonal lattices.
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(a)
(b)
(c)
FIGURE 2.12: Shapes of the polyhedra during the transformation 
of y-iron to a-iron.
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FIGURE 3.1: Plan view of the convoluted hexagonal surface.
For a three-term solution boundary conditions are 
applied at points A,H and G.
%
—s
FIGURE 3.2: Profile of the surface shown in figure 3.1
along Ox.
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121 '
120
119
118 •
o o o0 15 30
FIGURE 3.3: Variation of the angle (X) between the square
and hexagonal faces from the mid-point (<j)=0 ) to 
the comer (#=30 ) of the hexagonal edge. Curves 
1,2 and 3 correspond to 1,2 and 3 term solutions. 
Curve K is from the Kelvin's solution.
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FIGURE 3.4: Bimodular packing of large and small
tetrakaidecahedra.
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c
FIGURE 3.5: Plan view of the hexagonal surface of the
bimodular structure. Boundary conditions are 
applied at points A,B,C and D.
(a) (b)
FIGURE 3.6: A plane faced tetrakaidecahedron (a) and
cuhoctahedron (b). The distance OA = X is a 
measure of growth. In the units of a cubic 
unit cell X = 1/4 (a) and X = 1/2 (b).
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(i)
(a)
X = 0.2500
É0K
-10
(b)
(ii) = 0.2666
FIGURE 3.7: Contour plots (i~x) and isometric projections (a-j)
of the hexagonal surface for different values of X.
The contours give heights in units of 10 a, where a 
is the edge of the bcc unit cell.
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iiiv
A
(iii)
X = 0.2833
a
m .
(d)
(iv)
0.3000
FIGURE 3.7: Continued.
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X = 0.3166
(f)
(vi) 0.3333
FIGURE 3.7: Continued.
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(vii)
X = 0.3500
(viii)
X = 0.3666
FIGURE 3.7: Continued.
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1-5
(ix)
(i)
X = 0.3833
(x)
X = 0.4000
FIGURE 3.7: Continued.
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X=0.4000
X=0.3833
X=0.3666
X=0.3500
+5'
X=0.3333
-5'
120
X=0.3166
X=0.3000
X=0.2833
X=0.2666
X=0.2500
(f
FIGURE 3.8:
*
Departure from 120 of the angle ( ) between the square 
and hexagonal faces of the bimodular structure with (|>, 
defined in figure 3.5. Results are given for 10 values of X 
between 1/4 and 2/5.
(a) Four-term Poisson*s solution.
60
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X=0.4000
3833
X=0.3666
X=0.3500
X=0.3333
X=0.3166
-5
X=0.3000
X=0.2833
X=0.2666
120
X=0.2500
b) Two-term Poisson*s solutionFIGURE 3.8:
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X=0.400C
X=0.350C
X=0.333:+5
X=0.316f
-5
X=0.300C
120
X=0.250C
30'
FIGURE 3.8: c) Four-term Laplace’s solution.
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w
z
w
13.21
13.19
0.25 0.30 0.400.35
X
FIGURE 3.9: Variation of Energy (E) per unit cell for
the bimodular structure with parameter X.
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2.22
2.0G
1.6C
1.2C
a
7
0.40
0.00
0.30 0.40.25
X
FIGURE 3.10: Variation in the value of the structural gradient a i
(Rhines and Craig, 1974) for different values of 
parameter X.
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FIGURE 3.11: Change in the energy (E) for regular tetrakai­
decahedra for different values of the grain boundary 
energy ratio (y^/ y^).
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FIGURE 4.1: Shapes and multiplicities of faces of flat faced polyhedra
representing a rogue grain and its first and second nearest 
neighbours in a three-dimensional polycrystal. Case (c) 
represents the unimodular structure.
- 114 -
bO
Pi
•H
cd
CNJ U
T—4 bO
0)
4-» P
CO CO bO
0) u o
u 0 n
td o
(U cd
C ^bO bO
n3 •H C
(U •H
•H C 4-1
c
H (U
(0
cu
k
PL
(U
Pi
cd
Pi
<U
vD r-4
o
4J CL
CO
(U CO no CO
>-4 0) Pi
td g CJ P
(U O cd O
C M-l rû
'T3 bO 4J bO
C •H Cd •H
O (U 1—1 P
O C3 C
(U
CO «4-1 4J
o CO
(U
CO Pi
0) cd
u 0)
cj P
«w
no
«H Pi
O •H
X
4J
CO
<u no
•H P
4J P
00 •H
X Ü no
•H P
■u t—1 o
CO CO PL o
(U >4 •H 0)
u 0 4-1 CO
cd o t-1
0) 0
0 r0 g 4J
bO CO
4J •H T) Pi
CO (U 0 •H
U Pi Cd «4-1
•H
CO CO
(U 4J
PL •H
Cd
Xi no
CO P
P
a•HtdubQ
<U
â
"x
w
FIGURE 4.2(a).: Unimodular packing of regular tetrakaidecahedra
with curved hexagonal faces, (see section 4.3.3)
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FIGURE 4.2Çb)t A rogue grain with curved hexagonal and square faces
together with one first- and one second-nearest 
neighbour. The figure shows the limiting case considered 
in section 4.3.
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(i)
h/1 = 3.00//6
FIGURE 4.3: Contour plots (i“v) and isometric projections (a e)
for the hexagonal surface of the rogue grain, for 
different values of (h/1).
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h/1 = 3.4A//6
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(iii) h/1 = A.00//6
FIGURE 4.3: Continued.
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FIGURE 4.3: Continued.
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FIGURE 4.4: Contour plots (i-v) and isometric projections (a-e)
for the square surface of the rogue grain for different 
values of parameter (h/1).
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FIGURE 4.4: Continued.
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FIGURE 4.4: Continued.
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FIGURE 4.5(a) Variation of the angle (x) between the hexagonal 
faces of the rogue grain and its second nearest 
neighbours with (f>^ (varies from 0° to 60°) for 
different values of the parameter (h/1).
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FIGURE 4.5(a): Continued.
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FIGURE 4.5(b) Variation of the angle (A) between the square 
face of the rogue grain and the hexagonal face 
of the first nearest neighbours with (|)" ( (&" 
varies from 0° to 45°) for different values of 
the parameter (h/1).
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FIGURE 4.5(b): Continued.
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FIGURE 4.6: Normalized variation in the energy (AE/E^) of
the system with growth of the rogue grain (h/1).
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FIGURE 4.7: Grain growth in a two-dimensional model polycrystal
by allowing a single grain to shrink. (Crocker, et al, 1980)
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FIGURE 4.7: (Continued) Representation of two types
of interfacial structure.
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FIGURE 4.7: (Continued). Grain growth in a two-dimensional
model polycrystal by allowing a single grain to 
grow.
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FIGURE 4.8: Comparison between the values of the curvature term for th
hexagonal (K^) and square (R 1 surfaces nlotted aeainst fh/1
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